ALGEBRAIC ISOMONODROMIC DEFORMATIONS AND
THE MAPPING CLASS GROUP

GAEL COUSIN AND VIKTORIA HEU

ABSTRACT. The germ of the universal isomonodromic deformation of a logarithmic connection
on a stable n-pointed genus g curve always exists in the analytic category. The first part of
this article investigates under which conditions it is the analytic germification of an algebraic
isomonodromic deformation. Up to some minor technical conditions, this turns out to be the
case if and only if the monodromy of the connection has finite orbit under the action of the
mapping class group. The second part of this work studies the dynamics of this action in the
particular case of reducible rank 2 representations and genus g > 0, allowing to classify all finite
orbits. Both of these results extend recent ones concerning the genus 0 case.
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1. INTRODUCTION

The mapping class group. Let g and n be nonnegative integers. Let ¥, be a compact
oriented real surface of genus g, let y" = (y1,...,yn) be a sequence of n distinct points in X.
We shall denote by Y™ := {y1,...,yn} the corresponding (unordered) set of points. The (pure)
mapping class group of (X4,y") is defined to be the set of orientation preserving homeomor-
phisms h of ¥, such that h(y;) = y; for all ¢ € [1,n] := {k€Z | 1<k <n}, quotiented by
isotopies:

[y := Homeo, (X, ?/n)/{isotopies relative to Y}

We can also consider homeomorphisms of ¥, that preserve the set Y, but do not necessarily
preserve the labelling of the punctures. This leads to the full mapping class group

[y := Homeo, (3g,Y™) /{isotopies relative to Y"}.
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Note that we have an exact sequence of groups
1—Tyn— f‘gm — G, — 1,

where &,, denotes the symmetric group of degree n. In particular, I'y ,, is a subgroup of fg,n of
finite index n! . Let now yo € ¥4\ Y™ be a point. We denote the fundamental group of ¥,\ Y™
with respect to the base point yg by

(1) Ag,n = 7'('1(29 \Yn, yO) :
The composition .o’ of two paths a, o’ € Ay, shall denote the usual concatenation “first «,

then o’”. For any group G, we may consider the space Hom(Ay ,,, G) of representations as well
as the set of representations modulo conjugation, which we shall denote

(2) Xg,n(G) == Hom(Ag, G) /G -

The mapping class group acts on x,,(G). Define the groups of orientation preserving
homeomorphisms h of ¥, such that h(yo) = yo and h(y™) = y", respectively h(Y") = Y7,
modulo isotopy:

Lyni1 = Homeoy (34,4, y0)/{isotopies relative to Y™ U {yo}},
f;,n = Homeo, (X4, Y™, y0)/{isotopies relative to Y™ U {yo}}.
Now fg.],n naturally acts on the fundamental group Ay ,: for h € f;,n and o € Ay, we set
a(h)(@) == hya.

Via the forgetful maps I'y ;1 — I'y, and fg.),n — f‘g,n we obtain a commutative diagram

Lgnt1€ f;,n . Aut(Agn)

N

[yn© Tyn Out(Agn) : == AUt(Ag,n)/Inn(Ag,n) .

Indeed, any element h € Homeo (X, y") may be lifted to an element hy € Homeo, (34, y", %0).
Let h; € Homeo, (Xg4,y",40) be another representative. Then they are the extremities of an
isotopy (h¢)sejo,1) relative to Y. We have a loop v € Ay, defined by ~(t) = hy(yo). Then for
any « € Ay, we have a(hy)(a) =~ 1. a(ho) (@) .y .

In particular, for any group G, the mapping class group f‘g,n acts on the set x4,(G), and

this action lifts to an action of f;n on the space Hom(A,,,G). More precisely, for all p €

Hom(Agy ., G), h € f;,n and a € Ay, we define
(3) (h- p)(a) = pla(h™)()).

Application to isomonodromic deformations and a dynamical study. In this paper,
we establish two results about finite orbits of the mapping class group action on x4, (G) for
G = GL,C. These results and their respective proofs can be read independently. In Theorem
[Al which will be stated in Section [[LA] and proven in Part [Al we relate such finite orbits to
the existence of an algebraic universal isomonodromic deformation of a logarithmic connection
over a curve, whose monodromy belongs to that orbit. This motivates Theorem [Bl which will
be stated in Section [LBl and proven in Part [Bl classifying conjugacy classes of reducible rank 2
representations with finite orbit. To that end, we introduce a specific presentation of A, , and
explicit formulae for the mapping class group action.

Remark 1.0.1. Recall that a representation p € Hom(Ay ,,, GL,C) is called irreducible if the only
subvector spaces of C" that are stable under Im(p) are {0} and C". A semisimple representation
is a direct sum of irreducible representations.
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1.A. Algebraization of universal isomonodromic deformations. We need to introduce
some additional vocabulary before stating our main result, which can be seen as a criterion
under which a GAGA-type theorem holds for isomonodromic deformations. In order to avoid
having to introduce each definition twice, we adopt the w-notation described in Table [1l

w w — manifold w — open
connected Hausdorff
complex analytic manifold
smooth irreducible
quasi-projective variety over C

analytic open with respect to Euclidean topology

algebraic open with respect to Zariski topology

TABLE 1.

Logarithmic connections. Let X be a w-manifold and let D be a (possibly empty)
reduced normal crossing divisor on X. Denote by D!, ..., D" the irreducible components of
D. A logarithmic w-connection of rank r over X with polar divisor D is a pair (E, V), where
E — X is a w-vector bundle of rank r over X, whose sheaf of sections we also denote by FE,
and V is a C-linear morphism

V:E— E®Q%(logD),
which satisfies the Leibniz rule
V(f-e) = f-V(e) +ewdf

forany f € Ox(A),e € E(A), where A C X is any w-open subset. We require D to be minimal
in the sense that for any i € [1,n], V does not factor through

E @ Q'(log(D — DY) — E ® Q% (log D).

Such a logarithmic connection (E, V) is called flat if its curvature V2 is zero.

We are particularly interested in the case where X is a smooth projective curve (a compact
Riemann surface). Since then X is of complex dimension one, any logarithmic connection over X
is automatically flat. Moreover, since then X is projective, any analytic logarithmic connection
over X is isomorphic to the analytification of a unique algebraic logarithmic connection over X
by one of Serre’s GAGA theorems [20, Prop. 18].

Monodromy. The notion of the monodromy representation of a flat connection varies
slightly in the literature. For introductory and technical purposes, let us give the definition
we are going to use. This definition can only be formulated in the analytic category; in the
algebraic case the monodromy representation is defined via analytification. Let X and D be as
above (X has arbitrary dimension). Denote X := X\ D. Let (E, V) be an analytic logarithmic
connection over X with polar divisor D. Assume moreover that this analytic connection is flat,
which is equivalent to it being integrable, i.e. S := ker(V|xo) is a locally constant sheaf of rank
r over X?. Let ¥ and Y C ¥ be topological spaces such that there is a homeomorphism

o:(%,Y) S (X,D).
Fix such a homeomorphism and fix a point yp € ¥\ Y. Denote zy := ®(yp). For any path
v :10,1] = X\ Y, the pull back (® o~)*S is locally constant and thus isomorphic to a constant
sheaf. Hence ~ defines an isomorphism ~v(S) : Sy(1) = Sy(0)- This isomorphism is invariant
by homotopy relative to {7(0),~(1)} and satisfies 71 .72(S) = 71(S) o 72(S) for any pair of
paths (y1,72). We obtain a representation m1(X \ Y,y0) — GL(Sz,). Via an isomorphism

Szy — C7, one deduces a (non-canonical) representation py € Hom(m(X,y0), GL,C) and a
canonical conjugacy class of representation

[[)v] S HOm(ﬂ'l(E \ Y, yo), GLTC)/GLTC .

We refer to py as the monodromy representation and to [py] as the monodromy of (E, V) with

respect to ®. Conversely, given ®, given a conjugacy class of representation [p] € Hom(m (X \

Y, y0), GL,C)/GL,C and a compatible choice of mild transversal models (see Section B.2]), there
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is a flat logarithmic analytic connection (E,V) over X, unique up to isomorphism, inducing
these transversal models and such that [py] = [p] (see [7, Th. 3.3], adapted from [I0, Prop.
5.4]). In our work, the use of the marking ® is essential, as we wish to compare the monodromies
of connections over various homeomorphic curves.

Isomonodromy. Let C be a smooth projective curve of genus g, let D be a reduced divisor
of degree n on C. Let (E,Vj) be a logarithmic connection over C' with polar divisor D.
A w-isomonodromic deformation of (C,E, V() consists in the following data:

e a w-family (k : C — T, D) of n-pointed smooth curves of genus g (see Section 2.2]);
e a flat logarithmic w-connection (£,V) over C with polar divisor D;

e a point tg in T ; we denote Cy, := k1 ({to}) and Dy, := Dl¢,,; and

e an isomorphism of pointed curves with logarithmic connections

(¢7\II) : ((07 D)? (E7 VO)) = ((Ct07Dt0)7 (5,V)’ct0) .

Why are such deformations called isomonodromic? Again we have to work in the analytic
category. Up to shrinking T to a sufficiently small polydisc A containing ty, the family x :
(C,D) — A is topologically trivial. Hence there is a homeomorphism

P: (2, Y") x A (C,D)
commuting with the natural projections to A. Now for any ¢t € A, the morphism
7[-1(29 \ Y, yO) — 771((29 \ Yn) X A, (y07 t)) )

induced by the inclusion of the fiber at ¢, is an isomorphism. On the other hand, (£,V)|e,
is a logarithmic connection over C; with polar divisor D;. By flatness of V, its monodromy
representation with respect to ®|; and the base point yy can be identified with the monodromy
representation of (€, V) with respect to ® and the base point (yp,t). For ¢t = ty, this means we
can identify the monodromy representation of (£,V) over C with respect to ® with the mon-
odromy representation of (E, Vg) over C with respect to 9)~! o ®|;,. In that sense, we may say
that with respect to some continuous “base point section” ¢ — (yo,t), the monodromy repre-
sentation along a germ of isomonodromic deformation is constant and given by the monodromy
representation of (F, V(). More generally, one can say that an isomonodromic deformation
induces a topologically locally trivial family of monodromy representations, leading to a phe-
nomenon of monodromy of the monodromy representation. The latter will become tangible in
Section [l

Statement of Theorem [Al Following [12, Th. 3.4](see also [17,[15]), any triple (C, E, V)
as before admits a universal analytic isomonodromic deformation, which is unique up to unique
isomorphism, and whose parameter space 7' is the Teichmiiller space 7, ,. This universal an-
alytic isomonodromic deformation satisfies a universal property with respect to germs of an-
alytic isomonodromic deformations of (C, E, V(). A universal algebraic isomonodromic defor-
mation of (C, E,Vy), if it exists, would be an algebraic isomonodromic deformation whose
analytic germification is isomorphic to the germification of the universal analytic isomon-
odromic deformation of (C, E, Vj). In Section [24] we give an alternative definition and state a
[universal property of universal algebraic isomonodromic deformations Our main result is the
following.

Theorem A. Let C be a smooth complex projective curve of genus g. Let D be a set of n
distinct points in C and let ® : (X4,Y™) — (C, D) be an orientation preserving homeomorphism.
Let (E,Vq) be an algebraic logarithmic connection of rank r over C with polar divisor D and
monodromy [p| € Xgn(GL,C) with respect to ®. Assume that 2g — 2+ n > 0 and that Vg is
mild. If r > 2, then assume further that p is semisimple. The following are equivalent:

(1) There is a universal algebraic isomonodromic deformation of (C,E, V).

(2) The orbit Ty, - [p] in xgn(GL,C) is finite.

Remark 1.A.1. Note that the orbit I'y ,, - [p] in x4,n(GL,C) does not depend on the choice of ®.
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Remark 1.A.2. As we will see in Section [B.2] the mildness assumption on V( can always be
achieved after a suitable birational gauge transformation. In this sense, under the mentioned
restriction on the monodromy, Theorem [Al asserts that any finite branching universal isomon-
odromic deformation can be parametrized by algebraic functions.

We prove this theorem by adapting the proof for the special case of genus g = 0, which has
been established in [7]. The main ingredients of the proof of Theorem [Al are: the logarithmic
Riemann-Hilbert correspondence (see Section B.2]); the introduction of a base point section for
a family of punctured curves and the splitting of the fundamental group of the total space of
the family (see Section BI]), together with its relation to the mapping class group (see Section
[42]). Both implications to be proven appear as special cases of stronger results: [Theorem ATl
and [Theorem A2l respectively. We give their statements and proofs in Section

The statement of Theorem [Alis natural in the following sense. As we recall in Section 2] the
(algebraic) moduli space M, ,, of stable smooth n-pointed genus g curves is the quotient of the
(analytic) Teichmiiller space 7y, by the natural action of I'y ,, . Intuitively, a universal algebraic
isomonodromic deformation should be the quotient of the universal analytic isomonodromic
deformation with respect to a sufficiently large subgroup of I ,, that fixes [p].

1.B. Dynamical study of finite orbits in the reducible rank 2 case. Since the pure
mapping class group is a finite index subgroup of the full mapping class group, for any repre-
sentation p € Hom(A, , G), the conjugacy class [p] € x4 (G) has finite orbit under I'y ,, if and
only if it has finite orbit under f’g,n. Note that the size of f‘g,n - [p] equals the size of the set of
conjugacy classes of m-tuples

{0 (1), .0 (sm)) | 7 € Hom(Ag,n, G) and [p) € Ty ]}/

where {s1,...,5,} is a set of generators of A, ,. We introduce a specific presentation

Ag7n:<061,51,...,C¥g,,8g,’}/1,...,’}/n | [alaﬁl]“‘[ag,ﬁghl‘“’%:1>
and a subgroup
P;,n = <Tl7 <3 T3g+n—25015 - - - 7Un—1>

of f;,n which, as such, acts on Hom(Ag,, G), and which is sufficiently large in the sense that

the f’;n—orbit of [p] € xg.n(G) equals its T', ,-orbit. Moreover, the action of f’;n on Ay, can be
explicitely described (see Section [6]). Table 2] summarizes the explicit action of the generators
Tly+++T3g4n—2,01,-+-,0n_1 Of f;,n on the generators o, 81, ..., &g, Bg, 1, .- .,Vn of Ay . Here
we only indicate the action on those of our generators of A, ,, that are not fixed by the action
of the generator of f’;n under consideration.

Tk » k€ 1,g (073 — akﬁk
mk—1, ke|lyg B = Brag
T2g+k » ke ﬂl,g — 1]] Qfy1 — eglakJ’,l
[e%2 — ak@k
Bk — 08Oy
where ©f = akﬂﬁ,;&la,;l_lﬂk
3914k, k€ [lLin—1] | ay = agSg
By = By BBk
Vi = sk, i€ [1,k]
where Zp= (y1...7%) '8,
Ok kelln—1] | = 7k7k+17;;1
V41 =

TABLE 2. Action of I'y ,, on Ag .



We then apply this explicit description of the mapping class group action to the specific
study of finite I'y ,-orbits on x4,(GL2C) that correspond to reducible representations. For
g = 0, this study has been completely carried out in [§]. In this special case, the study
can be reduced to linear dynamics. To explain this, recall that any reducible representation
p € Hom(A,,, GL2C) is conjugated to the tensor product of a character pc» € Hom(Ag,, C*)
and an affine representation pag € Hom(Ag,, Aff(C)):

[p] = [pc+ @ pas] -

Then, [p] has finite orbit under Iy, in x4,(GL2C) if and only if [pc+<] and [pag] have finite
orbit under I'y ,, in x4,,(C*) and x4, (Aff(C)) respectively. For g = 0, the pure mapping class
group acts trivially on x4.,(C*) and on the linear part of pag. Hence in the special case g = 0,
the study of finite orbits reduces to the study of a certain linear action on the translation part
of pag

For g > 0, the study of finite orbits of conjugacy classes of reducible GLoC-representations
also reduces to the case of scalar and affine representations, but the linear part of pag is
no longer invariant and there is no effective means to reduce the study to linear dynamics.
However, Table ] allows to study the orbits explicitely. In the case ¢ =1 and n > 0, we find a
particular type of representations whose conjugacy classes have finite orbit under I ,,, namely
the representations p, . € Hom(Ay,, GLyC) defined by

meton)i= () muetsn = (3 TTT) mwet=(§ §) vielal

where p € C*\ {1} is a root of unity and ¢ = (c1,...,¢,) € C" with }°"" | ¢; = 1. Note that the
condition > 7 ; ¢; = 1 is necessary for p, ¢ to be well-defined. The complete classification, for
every g > 0 and n > 0, of reducible rank-2 representations with finite Iy ,-orbit is the following.

Theorem B. Let g > 0,n > 0. Let p € Hom(Ay,, GL2C) be a reducible representation.
Consider its conjugacy class [p] € xg.n(GL2C). Then the orbit T'y,, - [p] is finite if and only if
one of the following conditions is satisfied.

(1) The representation p is a direct sum of scalar representations with finite images.

(2) We have g = 1, n > 0, there are a root of unity p € C*\ {1} , ¢ = (¢1,...,¢,) € C”
with Y ¢; =1 and a scalar representation X\ with finite image such that

[p] € Pg,n : [)‘ ® pu,c] .

Moreover, if the orbit I'y,, - [p] is finite, we can give an estimate for its cardinality, which for
pP=AM DA and p = A ® pyc in the cases (Il) and @) respectively is

(1) %-max{card(lm()\i))mfl ‘ i € {1,2}} < card(Ty, - [p]) < card(Im(p))% and

(2) max {No, 6(N)2N = g(N)N""1} < card (T - o)) < (N2~ DN"7ING,
where ¢ denotes the Euler totient function, n' := card{i € [1,n] | p(y;) € C*Iz}, N :=
order(u) and Ny := card(Im()\)).

The heart of the proof of Theorem [Bl is the complete classification of finite f‘g,n—orbits in
Xg,n(Aff(C)) under the full mapping class group (see the beginning of Section [0 for details on
how we proceed). In Section BI] we deduce an explicit description of the finite I'y ,,-orbits for
scalar and affine representations. The decomposition of reducible representations into a tensor
product of such representations then yields the result (see Sections and [83)).

During the evaluation process of the present work, a classification complementary to our The-
orem [Bl appeared in the preprint [4]; it concerns finite I'y ,-orbits of irreducible representations
in x4n(SL2C) for g > 0 and asserts that, in that case as well, finite orbits correspond to finite
representations if ¢ > 1 and a special class of infinite representations with finite orbits appears
in the genus 1 case.
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Part A. Algebraization
2. UNIVERSAL ISOMONODROMIC DEFORMATIONS

In this section, we will recall some well known results about moduli spaces and universal
families of curves. For a more detailed exposition, see for example [I, Chap. 15] and [I3]
Chap. 6]. Then we turn to the existence of analytic and algebraic universal isomonodromic
deformations of connections over curves, and their respective universal properties. The main
purpose of this section is the precise setup of our notation and definitions. The reader might
want to skip this section at first and come back to it when needed (references will be given).

2.1. Moduli spaces of curves. We define a curve of genus g to be a smooth projective complex
curve C with H'(C,Z) = Z*. From now on, we will assume

(4) 29—24n>0.

As a set, the Teichmiiller space 7T, of n-pointed genus g curves is the set of isomorphism
classes [C, D, ] of triples (C, D, ¢), where C' is a genus g curve, D = {x1,...,2,} is a set of
n distinct points in C and ¢ is a Teichmiiller structure, i.e. an orientation-preserving home-
omorphism ¢ : (34,Y") — (C, D). Two n-pointed genus g curves with Teichmiiller structure
(C,D,p) and (C',D’,¢') are said to be isomorphic if there exists an isomorphism of pointed
curves ¢ : (C', D') — (C, D) such that [¢] = [¢) o ¢'], where [¢] denotes the isotopy class of .
We have a natural action of I'y , on 7T, given by

[h] - [C,D,¢] :==[C,D,poh™";  [h] €Tyn, [C,D,¢] € Tyn.
The kernel of this action is finite. More precisely, we have (see [I, Prop 4.11 p. 189]):

Lemma 2.1.1. If the natural morphism 'y, — Aut(7T,,) has nontrivial kernel K, then
Ky, ~ 727 and one of the following holds.

e (g,n) = (2,0) and the non-trivial element of K, is the hyperelliptic involution of .

e (g,n) = (1,1) and the non-trivial element of K4, is the order 2 symmetry about the
puncture, given, for (X1,y1) = (C/Z2,0), by z +— —=z.

As a set, the moduli space My, of curves of genus g with n (labeled) punctures is the set
of isomorphism classes [C, x] of pairs (C,x), where C is a genus g curve and x = (x1,...,Zy)
is a tuple of n distinct points in C'. The isomorphisms are isomorphisms of pointed curves that
respect the labellings of the n-tuples. Notice that a Teichmiiller structure (C, D, ¢) defines such
a pair (C,x), by setting x := (0(y:))ie[1,,]- In this way, we obtain a forgetful map

(5) Tgm * Tgn = Mgn

whose fibers are globally fixed by the action of 'y ,/ Ky », on Tg,. Denote by Ry C Tyn the set
consisting in points with non-trivial stabilizer for the action of I'y /K, . The subset By, :=
Tgn(Rgn) of Mg, characterizes pointed curves with automorphism groups not isomorphic to
K, . We say that these curves have exceptional automorphisms.

Recall that 74, has a natural structure of a complex analytic manifold, and Mg, has a
natural structure of a complex quasi-projective variety (see [I, chap. XIV]). The set By, of
curves with exceptional automorphisms is a Zariski closed subset of M, (see [I, Rem. 5.13
p. 202 and Th. 6.5 p. 207]) which is a proper subset (see [3, I8, 19, 5]). Moreover, the map
7Tg7n|7‘g’n\7ggyn : Tgm \ Rgn — Mgn \ Bgn is a non-branched analytic cover, with Galois group
I'yn/Kgyn. For any point * € T, projecting to x € M, , we obtain a tautological morphism

(6) tauty : m (Mg \ Bgn,*) = I‘gm/Kg,n;
such that for the lift 4 in 7,, with 4(0) = * of a loop 7 corresponding to an element of
71 (Mg \ Bgn,*) we have (1) = tauty(7) - +. For another point ' = [h]-* we obtain tautp,.; =

h - tauty - L.
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2.2. Families of pointed curves. Let C be a curve of genus g and let D be a reduced divisor
of degree n on C. Recall that we always assume ([H]); i.e. the pointed curve (C, D) is stable.
A w-family of n-pointed genus g curves with central fiber (C, D) is a datum
Fe,p) = (k:C—=T,D,to, ),
where
e 1 :C — T is a proper surjective smooth morphism of w-manifolds;
e D=>" Dis areduced divisor on C such that

there are pairwise disjoint sections oy, ..., 0, of kK with ¢;(T) = D,

to € T is a point and
Y : (C,D) = (Cyy, Dyy) is an isomorphism of w-manifolds.

Here and in the following, we denote by C; := x~1({t}) the fiber of s at a parameter t € T,
and we denote Dy := D|¢, accordingly. When there is a smooth connected w-neighborhood A of
to such that F(¢ p) |a satisfies a certain property, we may say that F(c,p) satisfies this property
up to shrinking.

A morphism f : ‘F(,C,D) — Fc,p) is a pair | = (5,°), where §% : ¢’ — C and f* : T" — T
are morphisms of w-varieties such that the following diagram commutes (and in particular
P (t) = to).

(C,D) —9= (C, D)

v| |

Remark 2.2.1. Note that this definition implies that (C’,D’) is isomorphic to the pullback
§2*(C, D) (the fibered product with respect to f* and ).

Suppose now that we have a Teichmiiller structure for (C, D), given by an orientation pre-
serving homeomorphism ¢ : (X4,Y") — (C, D). A w-family of n-pointed genus g curves with

Teichmiller structure with central fiber (C, D, ) is a datum ‘F(JEZDM) = (Fo,p), ®), where

F(c,p) is as above and ® : (3,,Y") x T' = (C, D) is a homeomorphism such that the following
diagram commutes, where pr denotes the projection to the second factor.

(84, Y™) x {to} — (C, D)

(4
(X4, Y") x T (C,D)
S

In particular, if we denote
Py = Pf(x, yryx{t} »
then ®;, =1 o p. Notice that by definition, a w-family with Teichmiiller structure is topologi-
cally trivial.
For a given ¢ as above, up to shrinking, any analytic family F(¢ p) lifts to a family ]:(E D)
with Teichmiiller structure.

Let .7-"(+C7D7g0) = (Fc,p), ®) and .7-"'?07[)#,) = (Flc,p)> ®') be two w-families with Teichmiiller

structures. A morphism .F’ZLQDW) — .7-"(+CD %) is a datum f = (f¢,f°) is as before, such that
8



moreover, if we denote by §*°P the continuous map defined by the diagram

to
(8, Y") x T Tm (2, V") x T

v o1 |

(€, D) (€, D),

then f*°P is a fiberwise isotopy.

To a w-family F¢ p) [resp. w-family with Teichmiiller structure ]:('E Do)
can associate a so-called w-family F [resp. w-family with Teichmiiller structure F*] with non-
specified central fiber, by forgetting (C, D) [resp. (C, D, )] and the marking tg,%. A morphism
of w-families with non-specified central fiber is a datum f as above for a convenient choice of

marked central fibers.

| as before, one

2.3. Universal families of pointed curves. Let F '

D) = (f(c,D)a ®) be a w-family with

Teichmiiller structure. Then the classifying map

T — Tgn
t — [Ct, Dt, (I)t]

is holomorphic with respect to the natural analytic manifold structure of 7, ,. The Teichmiiller
space T4, carries a universal family (see for example [I3, Chap. 6]), which is an analytic family
with Teichmiiller structure Ff,, = (Fyn, ®yn) and non-specified central fiber, satisfying

class™(F,,) =idy, .

class™(F1): {

The universal Teichmiiller curve enjoys the following universal property: If F* = (F,®) is an
analytic family with Teichmiiller structure and non-specified central fiber, then there is a unique
isomorphism
ft: FT = class™ (F1)*(Fyn)

with § = idr.

Let F(¢,py be a w-family. Assume we have a labelling x of D, i.e. x = (2;)jc1,n) € O™
and D = >, x;. Then there is a well-defined labelling D = (Di)ie[[l,n]] of D defined by
D=>",D" and ¢(z;) € D' for all i € [1,n]. We then have a well-defined classifying map

T — Mgy,
class(]:):{ PN [Ct,%t]

which is a morphism of w-varieties with respect to the natural structure of w-variety on M, ,,.
We say that the fiber (C¢, Dy) of F at t € T has exceptional automorphisms if class(F)(t) € By n.
This notion does not depend on the choice of a labelling.

Although there is no universal family of curves over M, ,, in the strict sense, we can consider
algebraic Kuranishi families. Let F be a w-family and let ¢ € T' be a parameter. Denote F|aan
the analytic germification of F at ¢, which can be endowed with a Teichmiiller structure ®an.
We say that F is Kuranishi at t if class™ (F|aan, ®aan) is a local isomorphism. The notion of
being Kuranishi at ¢ does not depend on the choice of ®aan. We say that F is Kuranishi if it
is Kuranishi at each ¢ € T. Notice that if FX" is an algebraic Kuranishi family, then for any
labelling, the classifying map class(FX") is dominant and has finite fibers.

For any stable n-pointed genus g curve (C, D), there exists an algebraic Kuranishi family
]:(Kc‘ﬁ)) with central fiber (C, D). Moreover, we have (see [I, Rem. 6.9, p. 208]):

Proposition 2.3.1 (Universal property of Kuranishi families). Let (C,D) and .7-"(%“}")) be as
above. Let .7-"('0 D) be an algebraic family with central fiber (C, D). Then there are

e an étale base change p : (T",t) — (T",t); denote .7-"(”07D) = p*}"(’ch);
e a morphism q : (T",ty) — (T, to) and



e an isomorphism f : f("C,D) = q* (Ié}ﬁ)) with f° = idan.

2.4. Universal isomonodromic deformations. Let again (C, D) be a stable n-pointed genus
g curve. Let (F,Vj) be logarithmic w-connection over C' with polar divisor D.

Isomonodromic deformations. A w-isomonodromic deformation of (C, E, V) is a tuple
Tic,eve = (Fe,p): €, V,¥), where
e Fiopy = (k:C—T,D,tg,7) is a w-family with central fiber (C, D),
e (£,V) is a flat logarithmic w-connection over C with polar divisor D and
e (,V): (E— C,Vy) = (£ = C, V)|, is an isomorphism of w-logarithmic connections,
ie. V: E — & ‘Cto is a w-vector bundle isomorphism over @ : C' — Cy, satisfying
P (V‘cto) = V.

Let Z(c,p,v,) and I(,C,E,Vo) be two w-isomonodromic deformations of (C, E, V(). A morphism
f: I(’Cvavo) — Lic,B,v,) is a datum § = (%, i, f"b), where (%, fb) is a morphism .7-"(/07D) — Fe,p)
as in Section 22 and §*P is a morphism of w-vector bundles over §* with V/ = f***V.

An algebraic isomonodromic deformation Z¢ g v,) of (C,E, Vo) as above is called regular
if moreover (€,V) is regular (with respect to a suitable meromorphic structure at infinity).
The definition of regularity can be found in [I0, Th. 4.1]. Putting this regularity condition

on Zc,g,v,) may be seen as a way of standardizing algebraic isomonodromic deformations, as
illustrated by the following statement.

Lemma 2.4.1. If (E, V) is mild and T(c,E,v,) S an algebraic isomonodromic deformation of
(C, E,Vq), then the analytification of T(c v, is isomorphic to the analytification of a regular
algebraic isomonodromic deformation IECE Vo) of (C,E,Vy).

This lemma will be proven in Section B.2] where we will also recall the notion of mildness,

which is a minor technical condition.

Analytic universal isomonodromic deformations. Let ¢ : (3,,Y") = (C,D) be
an orientation preserving homeomorphism. Consider the universal Teichmiiller family f;fn =
(Fgn» Pg.n). We shall denote

Fogn = gn:C—=Tgn,D); @gn:(Zg,Y") X Tyn — (C,D); to:=[C,D,p] € Ty -

By the definition of F.

. g7n7
]:(Tc‘?gl) = (Fgn»to,?) is an analytic family with central fiber (C, D), which moreover is topo-

we then have an isomorphism v : (C, D) = (Ct,,Dy,). In particular,

. o« e Lt . . _1
logically trivial and has simply connected parameter space. The inclusion @} o1 o ¢ of the
topological fiber at ¢y then defines an isomorphism

(7) Agn = m(Zg \ Y™, 90) = m1((Zg \ Y") X Tgn, (Y0, t0)) -
Now let [py,] be the monodromy of (E, V) with respect to ¢. The representation py, can
then be trivially extended to a representation p of m((X4 \ Y™) X Tgn, (yo,t0)). It turns out
that the conjugacy class of this “extended representation” is the monodromy representation,
with respect to ®, ,,, of a certain flat logarithmic connection (£, V) over X with polar divisor
D such that the pullback *(E, V) restricted to A}, is canonically isomorphic to (E,Vj). We
obtain the universal analytic isomonodromic deformation
iv,an . ¢ Teich

T = () £.9, ),
Its construction has been carried out in [12], using Malgrange’s Lemma (see [I7]) and the fact
that 7, is contractible by Fricke’s Theorem. It satisfies the following universal property: if
I(/C,E,vo) = (f(’C’D),E’, V', ¥’) is an analytic isomonodromic deformation of (C, E, Vy), and if
A is a sufficiently small neighborhood of its central parameter t), then there is a morphism
q: (A, t)) = (Tgn,to) and a canonical isomorphism

/ ~ kguniv,an
Licpvola =L gy -
10



The construction of this analytic universal isomonodromic deformation and the proof of its
universal property rely on the fact that up to shrinking the parameter space, analytic families
of curves are topologically trivial and have simply connected parameter space. This is of course
no longer the case in the algebraic category, the extension of the monodromy representation of
(C, E,Vj) being the main challenge.

Algebraic universal isomonodromic deformations. An algebraic universal isomon-

odromic deformation of (C,FE,Vy) is an algebraic isomonodromic deformation Zzlgl;j%go ) =

(Fe,p),€,V,¥), where Fopy = .7-"(%7%) is an algebraic Kuranishi family with central fiber
(C,D). Note that an algebraic universal isomonodromic deformation of (C, E, Vg) does not
need to exist; its existence is precisely the subject of Theorem [Al When it does exist, it satisfies

the following universal property, which will be proven in Section [3.3]

Proposition 2.4.2 (Universal property of universal algebraic isomonodromic deformations).
Let (C,E,Vy) and IFEE’%%)) be as above. Let ZZC’E’VO) be another algebraic isomonodromic
deformation of (C,E,Vy). Assume that

e (E,Vy) is mild;

e the monodromy representation of (E, V) is irreducible;

niv,al
* Liowvy and Zig g,y are both regular.

Then there are
e an étale base change p: (T",t5) — (T, 1;);
/! 1 " Y . o x 7! .
denote (]:(C’D),E VI U =p I(C,E,Vo)’
e a flat algebraic connection (L,§) of rank 1 over T" with empty polar divisor;
e a morphism q : (T",ty) — (T, to) and

e an isomorphism f : ( (”C,D)’ (" V") @ K"™(L,£),¥") = q*IElgz:aéi) with f* = idan.

Remark 2.4.3. It is not possible without further assumptions to prove a similar statement for
initial connections (F, V() with merely semisimple monodromy representations.

3. FUNDAMENTAL GROUPS AND THE RIEMANN-HILBERT CORRESPONDENCE

In this section, we shall see that up to an étale base change, any algebraic family of pointed
curves can be endowed with a section avoiding the punctures. The existence of such a base
point section allows us to decompose the fundamental group of the total space of the family
of curves into an semi-direct product of the fundamental groups of the central fiber and the
parameter space. Together with the logarithmic Riemann-Hilbert correspondence, this will be
used to prove the universal property of universal algebraic isomonodromic deformations.

3.1. Splitting of the fundamental group.

Lemma 3.1.1 (Existence of a base point section). Let Fo,py = (k : C = T,D,t9,7) be an
algebraic family of pointed curves with central fiber (C, D) as in Section[2Z2. Let xy be a point
in C'\ D. Then there are

e q Zariski open neighborhood A of tog in T and

e a finite étale cover p: (A, 1)) — (A, to)
such that for ‘7:(,07D) = (k' :C = A, D t;,v), defined by ]:(/C’,D) = p*F(c,p), there erists a
section o of K with values in C'\ D’ such that o(t{,) = ' (x0).

Proof. Since C is embedded in some projective space PV, by Bertini’s Theorem, there exists a

hyperplane H of PV which intersects Cy, transversely, is disjoint from Dy, and satisfies ¥(zg) €

H. Since H is ample, we have deg(C; N H) > 0 for each ¢ € T. In particular, H N C; # @ for

each parameter t € T'. By irreducibility of T', there exists an irreducible component 7" of C N H

such that x(T") = T and ¥ (zg) € T’. Now k|p/ : T' — T is a connected finite ramified covering.
11



Denote by Z; C T its branching locus. Further, denote by Z5 the adherence of (7" N D). By
construction, Z := Z; U Zs is a Zariski closed proper subset of T' not containing ty. Denote
A:=T\ Z and
A =xkT1(A)NT .
We now have ), := ¢ (z¢) € A’ and
p = H‘A/ : (A/,ta) — (A,to)

is a connected finite étale cover. Consider the algebraic family .7-"('0 D) = p*F(c,p)- By definition
of the pullback, its total space C’ is given by a fibered product

C'={(z,t) e C’H—I(A) x A" k(x) = p(t')}
and we have x' : C' — A’; (x,t') + t'. On the other hand, A’ is a subset of C|,-1(a) by
construction and we can define a section o of ' by
o: A= C e ().
Since moreover A’ N'D = & by the choice of Zy, we have o(A’') N D' = @. We conclude by
noticing o(ty) = (¥(z0),t5) = ¢'(20). O

To fix the notation, let us recall the definition of (inner) semi-direct products.
Let G be a group and A a subgroup. Assume we have a group B fitting into a split short
exact sequence of groups, as follows.

e
VRS

{1} A G B {1}

Assume further that the map A — G in that sequence is defined by the inclusion map. Then
A is a normal subgroup of G; for B := o(B) we have a natural morphism 7 € Hom(B, Aut(A))
defined by n(b)(a) =b-a-b~! for all a € A,b € B; we have a group A x,, B defined as the set

A x B endowed with the group law
(a,b)- (al ) bl) = (a- U(b)(al) b b/) )

and the natural morphism A x, B — G defined by (a,b) — a - b is bijective, allowing us to
identify G = A %, B.

Lemma 3.1.2 (Splitting). Let Ficpy = (k : C — T,D,to,9) be an algebraic family as in

Section[Z2. Let o : T — C be a section of k such that o(T) € C® = C\ D. Denote C°:=C\ D
and o := Y~ (o(ty)). Then

(8) 7T1(CO7O'(t0)) :1/1*71'1(00,1'0) NnO'*ﬂ'l(T,to),
where for all v € w1 (C°, ) and B € m1(T,to) we have

n(oB)(Wsy) = 0By 0B

Proof. Since o takes values in CY, we have a morphism of fundamental groups o, : 71 (7T, to) —
71(C°%, o(tp)). From the embedding of the central fiber, we get the morphism v, : w1 (C°, zg) —
71(C°, o (tp)) . Consider now the family of n-punctured curves given by  : CY — T. This family
is a topologically locally trivial fibration and the fiber over ¢, identifies, via 1, with CY. Hence
we have a long homotopy exact sequence

(€, 0 (ko)) s mo(T o) — i (CP,a(to)) Lo m(C0, o (to)) < mi (T o) — {11,

The maps o, : m;(T,t9) — 7;(CY, 7(ty)) are sections for the corresponding k. and we may

derive the following split short exact sequence:
O x

{1} —> m(C°, 20) —2> w1 (€, 7(t0)) = (T to) — {1} 0
12



Given a decomposition (), the monodromy representation of the flat connection underlying
an isomonodromic deformation can be seen as an extension of the monodromy representation
of the initial connection. When does such an extension exist, and is it somehow unique? Again
we need a little group theory.

Lemma 3.1.3 (Extension of representations). Let G = A x,, B be as before and let ps €
Hom(A, GL,C) be a representation.

e There exists a representation p € Hom(G, GL,C) such that p|4 = pa if and only if there
exists a representation pp € Hom(B, GL,C) such that for all (a,b) € A x B we have

pa(b-a-b7) = pp(b) - pala) - pp(b™").
o Let p,p' € Hom(G, GL,C) be representations such that p|a = p'|a = pa. Assume that
pa is wrreducible. Then there is A € Hom(B, C*) such that

p=A®p.

The proof of this lemma is elementary and will be left to the reader. A similar statement can
be found in [7, Lem. 1].

3.2. Logarithmic Riemann-Hilbert correspondence. Let us briefly recall some notions
and results from [7], allowing to construct isomonodromic deformations from extensions of
monodromy representations.

Denote by D the unit disc around 0 in the complex line and denote by V the trivial vector
bundle of rank 7 over D. A (logarithmic) transversal model is an analytic logarithmic connection
(V,€) over D with polar locus {0}. It is called a mild transversal model if any automorphism of
the locally constant sheaf ker({|p\ 10} ) is obtained by the restriction to D\{0} of an automorphism
of the sheaf ®]_;Op of holomorphic sections of V. Let us recall some examples.

o If (V,¢) is a model such that its monodromy admits only one Jordan block for each
eigenvalue, then (V,¢) is mild.

o If (V&) is resonant (its residue admits two eigenvalues that differ by a non-zero integer)
and has diagonalizable monodromy, then (V,¢) is not mild.

o If (V,€) is non-resonant, then (V,§) is mild.

e In particular, if (V,£) is a Deligne model, i.e., the real parts of the eigenvalues of its
residue take values in [0,1), then (V,§) is mild.

From the third example, one can easily deduce that generic representations of punctured curve
fundamental groups cannot be realized by non-mild logarithmic connections.

The isomorphism class of a transversal model is called a transversal type. Accordingly, a mild
transversal type is the transversal type of a mild transversal model.

Let X be a w-manifold, and let D be a reduced divisor in X. Denote (D?);cs the irreducible
components of D. Let

p € Hom(m (X \ D),GL,C)

be a representation and £ be a locally constant sheaf over X \ D with monodromy p. For
each i € I, choose a holomorphic embedding f; : D < X \ U;;D7 such that f;(D) intersects
D' transversely exactly once, at f;(0), a smooth point of D. We say that a transversal model
(V,&) is compatible with p at D' if its monodromy is isomorphic to the one of fF£. This is a
well-defined notion, independant of the choice of f;. By isomorphism invariance, this adapts to
a notion of compatible transversal type. Compatible mild transversal models always exist, e.g.
one can choose Deligne models.

Assume we have a flat w-logarithmic connection V over X, with polar locus in D. By [T,
Prop. 3.2.1], the transversal type defined by f*V is independant of the choice of f;, it depends
only on D' and V. It is called the transversal type of V at D'. The connection V is said to be
mild if for every component D?, the transversal type of V at D? is mild.

Theorem 3.2.1 (Logarithmic Riemann-Hilbert). Let X be a w-manifold, let D be a smooth
reduced divisor in X and let p : m(X \ D) — GL,C be a representation. Let (D");cr be the
13



irreducible components of D. For each i € I, let (V,&;) be a mild transversal model compatible
with p. Then up to isomorphism there is a unique flat w-logarithmic connection (E,V) over X
with polar locus D such that

e the monodromy of (E,V) is given by [p] and
e for each i € I, the transversal type of V at D' is given by (V,&);
o if “w = algebraic”, then (E,V) is regular.

Proof. The proof of this theorem in the analytic category can be found in [7, Section 3.2].
We only need to check that it also holds in the algebraic category. So assume now X is
a smooth 1rredu01ble quasiprojective variety. By definition, there exists a smooth irreducible
projective variety X containing . X as a Zariski open subset. Denote by Di ,j € J, the irreducible
components of X \ X and by Di the Zariski closure of D' in X for each i € I. By Hironaka’s

desingularization, we may suppose that D= > Dt is a normal crossing divisor. Moreover,

1elUJ
since X \ D = X \ D, the representation p defines

p = p € Hom(m (X \ D),GL,C).

For each j € J, choose a Deligne model (V,§;) on (ID,0) compatible with p. Then again
by [T, Section 3.2], there exists an analytic logarithmic connection (E™ V) over X with
polar divisor D and the prescribed transversal types. Since X is projective, this connection is
however analytically isomorphic to an algebraic logarlthmlc connection (E V) on X by GAGA
[20, Prop. 18]. Since any logarithmic connection on X restricts to a regular connection on
X (see [I0, Thm 4.1]), (E,V) := (E,V)|x has the desired properties. It remains to show
uniqueness up to algebraic isomorphism. By the analytic statement, we already know that the
(analytic) isomorphism class of (E*", V") is unique. Yet any analytic isomorphism between
regular algebraic logarithmic connections V1, Vs over X is algebraic, for the isomorphism can
be seen as a horizontal section of Vi ® VY, which is regular by [10, Prop. 4.6]. O

Remark 3.2.2. Using the above regularity argument, one also obtains that two flat logarithmic
connections with the same monodromy are bimeromorphically equivalent. In particular, every
logarithmic connection over a curve is mild up to a meromorphic gauge transformation.

3.3. Proof of the universal property. Lemma 2.4.1] stated in Section 2.4] implying that
under suitable generic conditions, algebraic universal isomonodromic deformations, if they exist,
may be chosen to be regular is now an immediate consequence of the logarithmic Riemann-
correspondence. Moreover, we are now able to prove their universal property, also stated in

Section 241

Proof of Lemma[2.4.1} Let Zc gy, = (Fo,n),€,V,¥) with Fopy = (v : C = T,D,tg,9)
be an algebraic isomonodromic deformation of (C, E, V). Let p € Hom(m(C \ D, z¢), GL,C)
be a representative of the monodromy [p] of (£,V). For i € [1,n], let D’ be the component
of D passing through 1 (z;). Since by assumption (C, E,Vy) is mild, Theorem B2l yields a
regular algebraic connection (€', V') over C with polar divisor D, monodromy [p] and the same
transversal types as V at the components (Di)ie[[l,n]]- Moreover, also by Theorem B.2.1] there

is an isomorphism ¥ : (&, V)ley, 5 (& Vle,- Then IECEVO) = (.7-'(C7D),5’,V’,\f’ oVW) is a
regular algebraic isomonodromic deformation of (C, E, V) and there is an analytic isomorphism
(gan,van) ~ (& anV’ ™). In particular, the analytification of Zc g v, is isomorphic to the

analytification of Z (C BV O

Proof of Proposition [2.4.2 Let I(ug%aég ) = (]:(K“r) E,V,¥) be a regular algebraic universal

isomonodromic deformation of (C, E, V) with parameter space (T,ty) and let I(C BV =
(F/ (©.D) &' V', ') be a regular algebraic isomonodromic deformation of (C, E, V) with param-

eter space (1”,t,). By Lemma B.I.1] there is an étale base change p : (T,fo) — (T, tp), such
14



that for ]?(Ié“})) = p* (C D) there is a section o : T — C avoiding the marked points. Since
.7-"(Kur D) is still Kuranishi, by the universal property of Kuranishi families, we have an étale base
change p: (T”,t() — (T",t), a morphism ¢ : (T”,t}) — (T, %) and an isomorphism

I Flop) =p"Fop — TFcD) -

In particular, o lifts to a section ¢’ := f*G*c : T" — C" avoiding the marked points of .7-"(”0 D)
Denote by

o",p € Hom(m (C"\ D",d"(t))), GL,C)

representatives of the conjugacy classes of the monodromy representations of (£";V") and
*q*p* (€, V) respectively (with respect to the identity). By the Splitting Lemma 3.2, we have

T (C"\ D", 0" (ty)) = Y7 (C\ D, xg) Xy o T (T t) .

Moreover, if py, denotes a representative of the monodromy representation of (F,Vy) (with
respect to the identity), then p” and p could be chosen so that

P (C\Dyo) = Wi Py

1 _ o~
P gy m (©\D o)

Since py, is irreducible, by Lemma [B.T.3] there is a representation A € Hom(m (17", t),C*)
such that A® (¢”)*p” = (¢”)*p. By the Riemann-Hilbert correspondence, there is a regular flat
algebraic connection (L, &) of rank 1 over T”, without poles, whose monodromy representation
is A1, The monodromy representation of its lift x"*(L,£) is the trivial extension of o”*A~! to
a representation ¢ (C'\ D,xo) x, o{m(T",t5) — C*. Now the monodromy representations
of (£&";V") @ k"*(L,£) and f*q* (E,V) coincide. Both connections are regular, have same
monodromy representations and same transversal models, given by (F, V(). Hence they are
isomorphic by the logarithmic Riemann-Hilbert correspondence. O

4. THE MONODROMY OF THE MONODROMY

In this section, we introduce the so-called group of mapping classes of a w-family, which is the
image of a canonical morphism from the fundamental group of the parameter space of the family
to the mapping class group of the central fiber. For an isomonodromic deformation, the action
on the monodromy representation of the initial connection by the group of mapping classes of the
underlying family of curves corresponds to the monodromy of the monodromy representation.
Under suitable conditions, this group can be canonically translated into a subgroup of I ,.

4.1. Mapping classes of the central fiber. As usual, let (C, D) be a stable n-pointed genus
g curve. Let F¢ p) be a w-family with parameter space (T',%). Let 3 : [0,1] — T be a closed
path with endpoint ¢p, i.e. a continous map such that §(0) = B(1) = to. By [14] Cor. 10.3],
the pullback bundle 8*(C, D) — [0, 1] possesses a topological trivialization ® : (C, D) x [0,1] =
B*(C, D). For s € [0,1], we denote

;= @[ (¢, p)x{s}

and deduce a homeomorphism from the central fiber seen over {1} to the central fiber seen over
{0} given by
1)[)_1 o‘I)OO(I)Il ot : (C,D) 5 (C,D).

Its isotopy class shall be called the mapping class associated to 8 and F(c,p) and denoted
mapz.,, (8).

Lemma 4.1.1. The mapping class mapz ., ,, (B) is well-defined, i.e. it does not depend on the

choice of a trivialization ®. Moreover, mapg,, D)(ﬂ) only depends on the homotopy class of 3.
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Proof. For fixed ﬁ, take two trivializations : : (C, D) x [0,1] 5 B*(C,D). The family
<I>0 o <I> lLod, o o7 glves an isotopy from &g o <I> U to <I>0 o <I> L

Con81der now two paths [£1 and (o that are homotoplc relative to their endpoints. By definition,
there exists a continuous map # : D — T, where D denotes the closed unit disc, such that
Ba(s) = 0(e™(1+9)) and B (s) = (1)), Since D is contractible, by [14, Cor. 10.3], there is
a trivialization ® of 6*(C,D). It induces trivializations &’ of BiC for ¢ = 1,2. Since they are
both induced by ®, we have ol = <I>g =®_; and <I>1 <I>2 d;. O

Proposition 4.1.2. Let F¢,py = (k: C — T, D, to,7) be a w-family as in Section[Z2. Assume
that none of the fibers (Cy, Dy) has exceptional automorphisms. Let x be a labelling of D and
denote cl : T — Mg, \ By, the corestriction of the induced classifying map class(F) (see Section

23). Let ¢ : (X4,y") = (C,x) be an orientation preserving homeomorphism and denote by
*:=[C, D, ¢] the corresponding point in Ty . Then for all § € (T, to), the following equation
holds in T'gp/Kgn:
o lo mapg . . (B) o p = tautz(clyf),

where tauty is the tautological morphism tauty : mi(Mgp \ Bgn,*) = Lgn/Kgn (see @) and
*x = [C,x] € My p.

Proof. Denote ‘7:;,_71 = (Fyn, Pgn) the universal Teichmiiller curve Fy, = (kgpn : X = Tgn, V)
endowed with the Teichmiiller structure @, : (X4, Y") x Ty — (X, Y). For any point t € Ty,

we shall denote
P = Qg nl(s, yoyxqy ¢ (Bg, Y) x {t} = (A, W)
Let p: (T, to) — (T, to) be a universal cover and consider the pulled-back family
f:(%:gﬁf,ﬁ) =p"(k:C—>T,D).

Now for any contractible analytic submanifold AcT containing #g, there is a topological
trivialization
®:(C,D)x A" (C,D)Ix

of F | X unique up to isotopy, such that ®; =1 with respect to the identification
(Ct07D ) (Cttho)

provided by pullback. We denote ® := ® o (¢ xid). Setting F Ft. (]: X ) defines an analytic
family of compact Riemann surfaces with marked points and Telchmuller structure. By the
universal property of the Teichmiiller curve, up to modifying d by a fiber-preserving isotopy,
there exists a unique isomorphism f§ of complex manifolds fitting into the following commutative
diagram:

(B, V") x A =———(3,,Y") x A
asl \Lclaser(]?Jr)*{)g,n
(C, 5)\5 classt(FH)*(x,))
zl J/class+(f+)mg,n
A A,

Now let [8] € m1(T, to) \ {1} and consider 3 : [0,1] — T, the lift of 3 with starting point .
If the representative [ of the homotopy class [5] is well chosen, then 5 is a C*°-embedding.
By existence of tubular neighborhoods, there is a contractible neighborhood A of g as above,
containing E . We claim that, up to isotopy,

(9) ma‘p}—(c’D)(/B) = 6(1) (b~
16



Indeed, we have 5*(C,D) = (po B)*(C,D) = g*p*(C,D) = 5*(5, 75) The claim then follows
from the fact that ¢~! o ®;, is the identity and from the definition of the mapping class.

Denote B = class+(.7? P B, which is a path in 7, with starting point *. By our definitions,
the following diagram is commutative if we remove the dotted arrow.

oy o o b5, _
(Sg, V") x {fo} — (Ciy» Diy) == (C51) D3)) == (B0, Y™) x {B(1)}

-

Y7 8} i (a2 T @y Vi) =g () < (0]
We define the induced isomorphism of pointed curves
(10) ) = Fay © (o)
so that adding the dotted arrow maintains this commutativity. We have
(1) 2= Tk = foodioy
gy = Bwe®w = Tau°®mee

On the other hand, cl,3 is a closed path in Mg, \ By, with end point x. By construction, it

lifts, with respect to the forgetful map 7, to 8, with (0) = %. By definition of the tautological
morphism tauty, we thus have, for [h] := tauti(cli3) € 'y ./ Ky n:

. ~ ~ g,n — oy - gm

[h] [X*,y*, (I); ] - [Xﬁ(l)’yﬁ(l)’ (I)B‘(l)i| .
By the definition of the action of the mapping class group on 7 ,, we now have
b — i b — -~ K _1
[h] ’ [X;H Yz, q)g n] - [h] ’ |:XB\(1), yg(l)’¢ © q)g ni| - [XB(I)’yB(l)’¢ © (I)g "oh
Hence there is an element [k] € K, such that, up to isotopy,
wofbg’":@%’g)ohokz.
Combined with (I0) and (II), this implies, up to isotopy,
Oy P =pohokop!,

which by (@) and the definitions of h and k yields the desired result. O

4.2. Splitting and the mapping class group. Let Fc p) = (k: C = T,D,t0,?) be a w-
family of n-pointed genus g curves as in Section Assume there is a section o : T — CY :=
C\ D of k. Then we can define a w-family of n + 1-pointed genus g curves ‘7:(.07D') = (kK :
C — T, D tg,9) by setting D* := D + o(T) and D*® := D + x¢, where x¢ := ¥~ (c(tp)). To a
labelling x = (z1,...,x,) of D we can associate a labelling x* := (z1,...,x,,z9) of D®. Note
that if a fiber of F* has exceptional automorphisms, then the corresponding fiber of F also has
exceptional automorphisms.

If none of the fibers of F* has exceptional automorphisms, we may corestrict the classifying
map class(F*®) to obtain a morphism

c*: 7 — Mg7n+1 \Bg,n+1 .

Let ¢ : (349" 90) — (C,x,20) be an orientation preserving homeomorphism and denote
**:=[C,D*,¢| € Tgnt1 and #* := [C,x*] € My, 41. Note that since we assumed 2g—2+n > 0,
we have K1 = {1} according to Lemma ZT.Jl We obtain a tautological morphism

tautse : 7T1(Mg,n+1 \Bg,n+17*.) - Fg,nJrl

as in (6).
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Proposition 4.2.1. Let ]-'(°ch.) = (k:C = T,D%ty,¥) be a w-family of n + 1-pointed genus
g curves as above. Assume that none of the fibers of F® has exceptional automorphisms. Let
01 (34,9, 90) = (C,x,20) be an orientation preserving homeomorphism. Then

(12) m(C% 0 (to)) = (¥ 0 @)uAgn 2y oumi (T, o)
where for all « € Ay, and € m (T, 1), we have

n(oB) (W op)a) = B (Yop)a- o7t
= (Y o). a(tautze(cl®, f)) (a).

Here we adopt the notation above and denote a(h)(a) = hya for all h € T'y 11 and oo € Ay, as
in the introduction.

Proof. By Proposition A1.2] the following equation holds in I'g 41 = I'gpy1/Kgnq1 for every
/8 € m (T7 tO):

(13) @ L omapze (B) o @ = tautze(cl®, ).

(C,D*)
Denote C° := C'\ D. We claim that for any v € 71(C%, x¢) and any 8 € 71(T, o), the following
equation holds in 71(C%, o(tg)):
(14) ymap re

(C,D*)

(5)*'7 = 0.3 iy 0’*571 .

Indeed, let v : [0,1] — C° be a closed path with endpoint xy. For any sg € [0,1], we have
a closed path 75, = v x {so} in the product space C° x [0,1]. We also have a path @ :
[0,1] = C° x [0,1]; s = (w0,5). The path 6 -~ -0~ is closed and homotopic to 9. Now let
B € m(T,tp) and let @ : (CY,x9) x [0,1] = B*(C%,o(T)) be a trivialization commuting with the
natural projections to [0, 1]. Define the homeomorphism

O :=do (B o) x idy) : (C%,x0) x [0,1] 53 5*(C°, 0(T)),

C,D*)
ous, the closed paths @, and ®,0-®,~,-®,6! are homotopic in 5*(C°, o(T)). Considering the
natural projection x : B*(C°, (1)) — (C°, o(T)), we have k, D79 = Po.y and r, D,y = P1,7.
Since moreover R*CT)*H = 0,3, we have (4.

Since ¢ is a homeomorphism, the induced map ¢, : Ay, — 71 (C°, ) is an isomorphism.
The statement then follows from (I3]), (I4)) and the Splitting Lemma .12 . O

which is another trivialization, satisfying Py = 1 and &)0 = 1h,map b (8). Since ® is continu-

5. NECESSARY AND SUFFICIENT CONDITIONS FOR ALGEBRAIZABILITY
We shall see in Section 5.2 that Theorem [Alis a corollary of the juxtaposition of [Theorem ATl

showing that our algebraizability criterion for germs of universal isomonodromic deformations
is necessary, and [Theorem A2l showing that it is also sufficient. We have already established
the main ingredients for the proofs of both theorems. For [Theorem A2l we moreover need a
representation-theoretical result developed in Section (.11

5.1. Extensions of representations. We shall now consider the problem of extending a repre-
sentation of the fundamental group of a fiber of a family of pointed curves to a representation for
the whole family in light of Lemma [3.1.3] and Proposition 2.1l We begin with the elementary
case of non-semisimple rank 2 representations.

Let A, B be groups. Consider a representation p € Hom(A, Upp), where Upp is the group of
invertible upper triangular matrices of rank 2. To such a representation, we may associate two
other ones : the scalar part pc+ : a — p(a)2,2 and the affine part pag = p(E*l ® p. The latter
takes values in

Aff(C) := {(a;;) € Upp | az2 =1}

which is isomorphic to the affine group of the complex line.
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Lemma 5.1.1. Let p = pc+ ® pag and p' = pp. @ phg as above, and assume that they are
not semisimple. We have [p] = [p/] € Hom(A, GL2C)/GL2C if and only if pc = pe« and
[pag] = [Pag] € Hom(A, Aff(C))/Aff(C).

Proof. The ”if”-part is trivial. Assume [p] = [p/]. Since they take values in Upp, both repre-
sentations p and p’ leave the line span(e;) of C? invariant. By non-semisimplicity, for each of
the representations, there is no other globally invariant line. Let M = (m; ;) € GL2C conjugate
both representations. Then M must leave span(e;) invariant, i.e. M € Upp. As the scalars are
central in GLyC, the element M/mg 2 € Aff(C) conjugates both representations. In particular
pcr = pew and M /ma o conjugates pag and ply . U

Lemma 5.1.2. Let py € Hom(A, GLyC) be non-semisimple. Let 8 € Hom(B, Aut(A)) such
that for all h € Im(6), we have [pa] = h - [pa] := [pa o h™1]. Then there exists a representation
pp € Hom(B, GL2C) such that

pa(0(8) " (@) = pB(B) ' pala)pp(B) YaecA,BeB.
Proof. We may assume that p4 takes values in Upp. By assumption, for each 8 € B, there exists
a matrix Mgz € GL2C such that pa(6(3)71(e)) = MglpA(o)MB. By Lemma B.1.Tl, we may as-
sume Mg € Aff(C). If Im(pa) C Upp is nonabelian, then it has trivial centralizer and the matri-
ces Mg € Aff(C) are uniquely defined. Otherwise, we have Im(pa) C {A({7) | A e C*,7 € C}
and the matrices Mg are uniquely defined if we impose Mg € {(‘0‘ (1]) | W e C*}. It is now
straightforward to check that given these choices, the well-defined map 3 +— Mp is a morphism
of groups. O

For a similar result for semisimple representations p4 (of arbitrary rank), the group B, which
in our case will be the fundamental group of a parameter space, might have to be modified, in
order to take into account the non-unicity of the matrices Mg due to possible permutations of
irreducible components.

Proposition 5.1.3. Let p4 € Hom(A, GL,C) be semisimple. Let (T, tg) be a smooth connected
quasi-projective variety, and let § € Hom(mi(T,tg), Aut(A)) such that H := Im(0) stabilizes
[pa]. Then there is an étale base change p : (T',t)) — (T,to) and a representation pp €
Hom(m (1", t), GL,C) such that

pa(0(pB) (@) = pp(B) ™" - pala) - pp(B) Yae A, fem(Tty).
Proof. Let pa = @,c; pf4 be a decomposition such that each pf4 is irreducible. The subgroup
[ Stabaut(aylpa] € Stabaye(a)lpal,
el
stabilizing the conjugacy class [p’y] for each i € I, is of finite index (see for example [7, Lemma
3]). Hence the subgroup H := H Nicr Staby(a) [pY4] is of finite index in H. Consider now the
finite connected unramified covering p : (T, %) — (T, to) characterized by p.m1 (T, 1) = 0~ (H).
Note that p induces a structure of smooth quasi-projective variety on T'. Since H stabilizes [p%],
for every h € H and every i € I, there is a matrix M, ,’1 € GL;,C such that

(15) (M;)™h - ply - My = [h] - ply -

Given i and h, the choice of M fl is unique up to an element of the centralizer of p’y. Since pY

is irreducible, this centralizer is given by the set of scalar matrices. Denote by M }L € PGL,,C
the projectivization of M,Z1 € GL,,C. Then pg' : B Mgi*ﬁ*ﬁ is a well-defined element of
Hom (7 (T, to), PGL,,C). According to the Lifting Theorem [6, Th. 3.1], there exists a Zariski
closed subset Z of T not containing g, a finite morphism of smooth quasi-projective varieties
P (T ) = (T\ Z, o),
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étale in a neighborhood T’ of #), and a representation pi € Hom(m(1”,t}), GL,,C) whose
projectivization is p’*p5’. For a convenient choice of p/, this property is satisfied for all i € I
at once. We obtain a representation pp = @, plz in Hom(m (1", t)), GL,,C) satisfying the
required properties with respect to p := p o p/|7. O

5.2. Finiteness and algebraization.

Theorem A1l. Let (C,D) be a stable n-pointed genus g curve as in Section 24 Let ¢ :
(24,Y™) 5 (C, D) be an orientation preserving homeomorphism. Let (E,V) be an algebraic
logarithmic connection over C with polar divisor D and denote by [pv,] € xgn(GL,C) its
monodromy with respect to . Let Tio g v,y = (.7-"(07D),5, V,¥) be an algebraic isomonodromic
deformation of (C, E,Vy) with parameter space T as in Section |24 Assume that

o the classifying map class(F) : T — Mg, is dominant (see Section[2.3).
Then

o the I'y n-orbit of [pv,] in xg.n(GL,C) is finite.

Proof. The orbit I'y,, - [py,] does not depend on the choice of ¢. Moreover, it is canonically
identified, for any t; € T, with the orbit I'y,, - [p4,] of the monodromy of the connection (£, V)
restricted to the fiber over t; of the family F. Since class(F) is dominant we may assume,
without loss of generality, that x := class(F)(to) € My \ Bgn. Moreover, up to restricting
Z(c,E,v,) to a Zariski open neighborhood A of tg in T', we may assume that class(F)(T) N By, =
. Notice that this property, as well as the assumption of class(F) being dominant is not
altered by finite covers and further excision of strict subvarieties not containing ty. According
to Lemma [B.1.1] up to such a manipulation, we may assume that F¢c py = (k:C—=T,D,tg, )
admits a section o : T — C of xk with values in C° := C \ D such that o(ty) = 1 o ¢(yo).
Denote by p a representative of the monodromy representation of (£,V) with respect to the
identity such that the restriction of p to the subgroup (1 o ¢).Ay, of m(C°% o(t)), given by
the inclusion of the central fiber, is identical to (¢ o ¢)«pv,. Such a representative exists, as
implies for example Theorem B2Z.1]l According to Proposition [£2.1] we then have a semi-direct
product decomposition

ﬂ-l(cov O’(to)) = (w ° @)*Ag,n X oxm (T to) ,
where we have two different expressions for its structure morphism 7, proving that
H := tautge (cl®,7m1 (T, o)) C Tyt

acts on py, € Hom(Ay ., GL,C) by conjugation. More precisely, for all a € Ay, and [h] =
tautge (cl®s 5) € H, we have

v, (a(h)(@)) = p(a4B) - pvy(@) - p(owf)
and in particular [h™1] - [pv,] = [pv,]- In other words, H is a subgroup of the stabilizer of [py,]
in I'y ,+1. By definition of the mapping class group action, we then have

n(H) C Stabr, , [pv,],

where 7 : I'y ,11 — I'g, is the projection forgetting the marking yo. Since the size of the orbit
Lyn - [pv,] equals the index of Stabr, ,[pv,] in 'y, it now suffices to prove that 7(H) has
finite index in 'y ,,. Denote by ¢ : I'y,, — T'y /Ky, the quotient by the normal subgroup K ,,
which, by Lemma 2. T.T] has order at most 2. Hence for the indices, we have

[Cyn:m(H)] <2-[Cyn/Kgn:q(r(H))].
We have a commutative diagram

tautze ocl®,

Lyt (T, to)
s ltaut; ocly
q
ngn ngn/K ;T
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where cl : " — Mg, \ By, denotes the corestriction of class(F). On the other hand, by the
dominance assumption and [9, Lemma 4.19], the subgroup cl, 71 (7', tg) of m1 (Mg \ Bgn,*)
is of finite index. In particular, since the tautological morphism tauty : w3 (Mg, \ Bgn,x) —
I'yn/Kgn is onto, the subgroup ¢(m(H)) = tauty(clymi(T,tg)) of I'y /Ky, has finite index as
well. U

Theorem A2. Let Fiopy = (k : C — T,D,tg,v) be an algebraic family of stable n-pointed

genus g curves with central fiber (C, D) as in Section[2.3. Let (E, V) be an algebraic logarithmic
connection over C with polar divisor D and denote by [pv,] € Xg.n(GL,C) its monodromy with

respect to an orientation preserving homeomorphism ¢ : ($,,Y™) = (C, D). Assume that

e (E,Vy) is mild,

o r =2 or py, is semisimple, and

o the I'y n-orbit of [pv,] in xg.n(GL,C) is finite.
Then there are

e an étale base change p : (T",ty) — (T, to) and

e a flat algebraic logarithmic connection (E,V) over C' := p*C with polar divisor p*D,
such that ¥* (&, V)]C;/ is isomorphic to (E,Vy).

0

Proof. Since (C, D) is stable by assumption, it only admits a finite number of automorphisms.
Let zp € C'\ D be a point fixed by no automorphism other than the identity. Up to isotopy, we
may assume ¢(yp) = xo. Let x* be the labelling of D®* = D + x( induced by ¢. By construction,
we have x = [C,x*] € My 41\ Bygnt1- Up to an étale base change, we may assume, by
Lemma BT} that there is a section o : T — C of x with values in C := C \ D and such that
o(tg) = ¥(xg). With the notation of Section 2] we may consider the family of n + 1-pointed
genus g curves Fig pey = (k:C—=T,D+0(T),to,¢). According to Proposition L21] we have
a semi-direct product decomposition 71(C \ D, (to)) = (¢ 0 ©)xAgn Xy o7 (T, o), where

N(@B) (1 0 9)xa) = 0.3 (Yo p)ua- 087" = (Y 0 p)a(0.5) (@)
and 6 := tautze ocl®, : m (T, t0) = g ni1-
Since the I'y ,,+1-orbit of [py,] in x4n(GL,C) is finite, the stabilizer
H = Stabpg’nﬂ[pvo]

of the conjugacy class of py, under the action of I'y 11 has finite index in I'y, 1. Since the
tautological morphism is onto, the subgroup taut, (H) of m1(Mgn+1\ Bgnt1,%) then has also
finite index. In particular, there is a finite connected étale cover ¢ : (U, up) = (Mg nt1\Bgn+1,*)
such that m; (U, up) = taut,. (H). Now consider the fibered product

(T,’ té]) (Ta tO)

\L \L class(F*®)

(U7 uo) L’ (M97n+17*)'
We denote the pullback family of curves by .7:(’07D.) = (K :C" = T,D + o (T),t,,¢)) :=

* ®

P*F e pey- We further denote cl’ = cl® o p, which is the corestriction of class(F’). By construc-

p

tion, the morphism ¢’ := 6 o p = tautze o cl', : w1 (1", () — [y nt1 takes values in H.
Again up to an étale base change of (T”,1t), by Proposition 5.1.3] and Lemma [5.1.2] there is
a representation pp € Hom(m (17, (), GL,C) such that for all 8 € m(T",t), a € Ay, we have
(6817 - pv,) (@) = pB(B) - py(e@) - pB(B™Y).
Since by definition ([0,8]7! - pv,) (@) = pv,(a(0.3)()), we obtain a well-defined representation
. { m(C'\D',o'(t;)) — GL,C

(W op)a-af = pyy(a)-ps(B)
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(see Lemma [B1.3) with respect to the semi-direct product decomposition 71 (C" \ D', o' (t;)) =
(Y 0 @)y rn Xy olmi (T, t;). By construction, p extends py,. We conclude by the logarithmic
Riemann-Hilbert correspondence (see Theorem B.2.T]). O
Proof of Theorem[A4l Let us first prove the implication () = (2)). Let Iyglg%i ) = (.7-"(%,1}")),5 ,
V, ¥) be an algebraic universal isomonodromic deformation of (C, E, Vj) as in Section 2.4l Then
by definition, the family ]-"(Ié‘,l}")) is Kuranishi. In particular, the classifying map class(FX) :
T — Mg, is dominant. Then by [Theorem ATl the Iy ,-orbit of [py,] in xgn(GL-C) is finite.
Let us now prove the implication (2) = (Il). Let ]:(KC“B) = (k : C = T,D,tp,¢) be any
algebraic Kuranishi family with central fiber (C, D) as in Section Note that such a family
exists since (C, D) is stable, and that it remains Kuranishi after pullback via an étale base
change. Up to such a manipulation, according to[Theorem A2l the family }-(Iélﬁ:)) can be endowed
with a flat algebraic logarithmic connection (£,V) over C with polar divisor D such that there

is an isomorphism V¥ : (E,Vy) — (£,V)le,, commuting with ¢ via the natural projections
to (C, D) and (Cy,, Dy,) respectively. Now Izlgi;’aégo) = ( (Iéuﬁ)),g,V,\If) defines an algebraic
universal isomonodromic deformation of (C, E, V() (see Section 2.4]). O

Part B. Dynamics
6. EFFECTIVE DESCRIPTION OF THE MAPPING CLASS GROUP ACTION

In this section we describe the action of f‘g,n on Ay, in terms of specified generators for both
groups.

6.1. Presentation of the fundamental group. To give an effective description of A, , and
how fg,n acts, we will assume that X, is the subsurface of genus g of R3 depicted in Figure [l
On this surface we also depicted, in gray, an embedded closed disk A C Y4, we will denote A
its interior. We fix n and we consider a subset Y™ = {y1,...,y,} C A of cardinality n, as well
as a point o € A\ A. We have

7Tl(zjg\AayO):<a17517"'7ag7ﬂg75 ‘ [041751]"'[049759]:571>,
where the mentioned generators correspond to the loops in Figure Il Note that ¢ runs over the
boundary of A.

FIGURE 1. Preferred elements of the fundamental group, 1

The loops in Figure 2] correspond to the following presentation.

7TI(A\}Z”?yO) = <’71a---,’7na5 | Y1 Yn = 6> .
By the Van Kampen theorem, we have

Agn = m(Z\ A y0) *s T (A\ Y, y0)
- <041,,81, oo 70497/897717 <o In ’ Y1 = ([ahﬂl] te [Oég,ﬂg])_1> .
In the sequel, writing “the generators” of A, ,, we will refer to the above

(i)iepg] s (Bi)iepgl » (Vi)jeqin] -
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FIGURE 2. Preferred elements of the fundamental group, 11

6.2. Mapping class group generators. We define F; to be the mapping class group of ori-
entation preserving homeomorphisms of ¥\ A that restrict to the identity on dA. Continuating
such homeomorphisms by the identity on A, we get a morphism

g : F; — fg.),n .

After Lickorish [16] (see also [11, Th. 4.13]), the group I’; is generated by the (right) Dehn-
twists along the loops 71,..., 7351 represented in Figure [3

FiGURE 3. Dehn-twists

A right Dehn twist acts on paths which cross the corresponding Dehn curve as depicted in
Figure[d This action can be summarized as “a path crossing the Dehn curve has to turn right”.
A left Dehn twist is the inverse of a right Dehn twist.

M
N7

FIGURE 4. Dehn-twist action

One can now easily check the following.

Lemma 6.2.1 (Dehn-twists). The action of the Dehn twists above on the fundamental group
T (g \ A,y0) is given in Table Bl where the right hand side lists only the effect on those
generators that are not fized by the considered twist. Here for Top_1 we give the formula for
the left Dehn twist. The other gemerators all correspond to right Dehn twists. Moreover, for
ke [1,9 — 1], the element ©y, described in Table[3l is fized by Togr.
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ok, ke[l g] Qg = o
Top—1, k€[1,9] B = By,
Tog+k: k€ [lg—1] | o G
(073 —> ak@k
Bk > @;;1@691/& X
where O = o180 1Bk
TABLE 3.

On the other hand, one can define the mapping class group of orientation preserving home-
omorphisms of A that preserve the set Y™ and restrict to the identity on dA. It is classically
called the braid group on n strands and denoted B,. Continuating such homeomorphisms by
the identity on the complement of A in X, we get a morphism

©o Bn — f;,n'

After Artin [2], the group B, is generated by half-twists o1, ...,0,-1, whose action is depicted
in Figure

Yo

B
g

FIGURE 5. half-twists

Lemma 6.2.2 (half-twists). The action of B, = (o1,...,0n-1) on the fundamental group
71 (A \ Y™, yo) is described in Table d, where we only indicate the non-trivial actions on the
generators. Moreover, Table @ indicates the action of oeye = op—10---001 € By, and some of
1ts powers.

ok, ke[l,n—1] v = Y VE1 Vs
Ve+1 = Yk
Ocycl 71 — 5’)/”5_1
Vi = Vi1, ie[2,n]
Ufycl’ ke [[1,71]] Vi = 57n+i7k571, Z € [[1, k]]
Vi 7 ik Jjelk+1,n]
TABLE 4.

Remark 6.2.3. Note that 0., is almost a cyclic permutation of the generators of 71 (A\ Y™, yo).
More precisely, it acts as such on the representations p that satisfy p(d) = id, e.g. representations
with abelian image.

By construction, the subgroups ¢o(B,,) and wg(F;) of f;n commute, and we have a morphism

1 POXPg e
B, x T} 72287 pe
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Composing with the canonical map = : f;,n — fg,n (forgetting that yo is fixed) yields a mor-
phism B,, x I‘; — I'g.n, which is not surjective. In order to generate the whole mapping class

group f’g,n, it suffices to add min(0,n — 1) Dehn twists, namely the ones corresponding to the
loops T34, ..., T3g4n—2 of Figure [l (see [11, Sec. 4.4.4]). We call them mizing twists.

7';5(/,1+

T3g—14+k+1

FIGURE 6. Mixing twists

Lemma 6.2.4 (Mixing twists). The action of the (right) mizing twists T3g, ..., T3g4n—2 on the
fundamental group Ay, is described in Table[, where we only indicate the non-trivial actions on
the generators. Moreover, for k € [1,n — 1], the element =y, described there is fized by T3g—14k-

T3g—1+k » ke [[1,77, - 1]] Qg OégElk
59 — ‘EI; /BgEk

Yoo Sk, i€ [1,k]
for Zp=(vi...) "By
TABLE 5.

The twists, mixing twists and braids we introduced all fix y5. We denote by f;,n the subgroup
of f’;,n they generate. If g = 0, then we have f’;,n = B,. We are interested in the case g > 0,
where we have

f;,n = (1,05 |i€[1,3g —14+min(0,n—1)], j € [1,n—1]) .

As mentioned, the image of f’;n under 7: 17, — Ty is T'g .

Remark 6.2.5. We did not call § = ~; - -y, = ([, B1] - - [ag, By]) ™" & generator of the funda-
mental group. It will nevertheless be useful to notice that among our preferred generators of
' ,» only the mixing twists act non trivially on §. More precisely, for k € [1,n — 1] we have

—1
T3g—14+k(0) = [E 7, Bgld .
7. AFFINE REPRESENTATIONS WITH FINITE ORBIT

We have now established an explicit description of the full mapping class group action on Ay,
which is resumed in Table[2l This description at hand, we will now classify affine representations
p € Hom(A, ,,, Aff(C)) with finite orbit T'y, - [p] in xg.n(Aff(C)) for g > 0:

e We establish that for those representations p € Hom(Ay,, Aff(C)) such that the group
Im(p) is abelian, the orbit Ty, - [o] is finite if and only if Im(p) is finite (see Proposition

[C.1.2).

e We then consider representations p € Hom(A, ,,, Aff(C)) such that the group Im(p) is

g,n»
not abelian. We classify all finite orbits in this case in three steps.
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— We give a necessary condition for the finiteness of Ty, - [p] in Lemma
— We prove that in the genus one case, this necessary condition is also sufficient (see
Proposition [7.3.7]).
— We prove that in the higher genus case, this necessary condition can be enforced (see
Lemma [[L4.T]), and this latter necessary condition cannot hold for every conjugacy
class [p'] € f’g,n - [p]. We conclude that in the higher genus case, there are no
conjugacy classes of non-abelianAff(C)-representations with finite orbit under fg,n
(see Proposition [7.4.2]).
The group Aff(C) = {(a;;) € GL2(C) | a21 = 0, aze = 1} identifies with the group {z — az +
b|ae C*be C} of affine transformations of C. For shortness, its elements will be denoted as

polynomials az + b. Our explicit calculations are easier to check with the following formulas in
mind.

(A2)o(az+b)o(A2)™! = az+ b
(z4+c)o(az+bo(z+¢c)! = az+b—cla—1)
Az+4+caz+b = z—cla—1)+(A—=1)b

Also, recall that by definition, for all 7 € f;,n , p € Hom(Ay ,, Aff(C)) and o € Ay, we have

(7 p)(@) = p(r. ).

7.1. Abelian case.

Lemma 7.1.1 (Finding a non-trivial subgroup). Let ¢ > 0, n € N. Let G be a group with
identity element id and let p : Ay, — G be a representation. Assume that for any p' € Lon-p
we have

p'(ag) =id.

Then p is the trivial representation, i.e. Im(p) = {id}.
Proof. To each element p’ € f;,n - p, we associate the following two groups:

R/ = <p,(ag)7 p,(ﬁg)7 s 7p,(a1)7 pl(ﬂl» ’ S, = <pl('71)7 s 7p/(7n)>'

e First step: for any p' € f;m - p, the associated group R’ is trivial.
For k € [1, g], define the following property, which we shall denote H (k):

o

For any p' € fgm - p, the group R} = (p'(ag), 0 (Bg)s- -, p (ar), p'(Br)) is trivial.

Reasoning by decreasing induction, let us first prove that our assumption implies H(g).
Consider 7 := Tz_gl and p' = 7 - p. Then p'(ag) = p(agBy) = p(By). We have p'(ay) =
p(ag) = id, hence p(By) = p(ay) = id. However, p satisfies the assumption of the
statement if and only if any g € f’;,n - p does. Hence we have H(g).

Let now p be a representation satisfying H (k). In particular, we have

plai) = p(B;) =id Vi€ [k, g].
1

For o/ = 7- p, with 7 = 75, we have /(cx) = p(B anBr) = p(Ber) ™

For p/ =7 p, with 7 = (Tog_3 0 Tag+x—1) "', we have p'(ag) = p(Br—1a—1) "
Hence p satisfying H (k) implies

plai) = p(B;) =id Vi€ [k—1,9].

Yet again p satisfies H (k) if and only if any p € f;n - p does. This yields H(k —1). We
conclude by noticing R’ = Rj.
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e Second step: for any p’ € f;,n - p, the associated group S’ is trivial.
If n = 0 or n = 1, there is nothing to prove. Assume n > 1. We have already proven that
R’ is trivial for any p/ € Iy - p- In particular p'(6) = id. Considering, for i € [1,n],
the action of 7 = (a?y_c; 0 T3g4n—2) 1 on «, then shows that for p’ = 7 p we have
id = p'(ag) = p(7:) (see Table @ page 24)). Hence

Since the assertion is f’;,n—invariant, we have proven that S’ is trivial for any p’ € f;m -p.
We conclude that Im(p) = Im(p’) = (S, R') = {id}. O

Proposition 7.1.2 (Abelian case). Let g > 0. Let p: Ay, — Aff(C) be a representation such
that the group Im(p) is abelian. Then the orbit of the conjugacy class [p| under the action of
Iy, is finite if and only if Im(p) is finite.

Proof. If Im(p) is finite, then the orbit f’;,n - p is finite. A fortiori, the orbit f;,n - [p] is finite.
Assume now that p is abelian and the orbit of [p] is finite. Since Im(p) is an abelian subgroup
of Aff(C) it is, up to conjugation, either a non-trivial subgroup of the translation group

{z—=2+c|ceC}cCAff(C),
or it is a subgroup of the linear group
{z—= Xz | AeC"} C Aff(C).

e Im(p) cannot be a non-trivial translation group.
Indeed, if it would be the case, by Lemma [T}, we might assume p(ay) # id. Up to
conjugation, we would then have

(5)=(510)

for a certain ¢ € C. Considering the action of 77" with 7 := 7541 :

—m ag \ Qg (=2 +1
T Y Bg =p ,Bga;n - Z—|—C—|—’I’I’L )

we would deduce that, for m # m/, the conjugacy classes of 7™ p and 7™ - p are distinct.
Hence I'y ,, - [p] would be infinite, yielding a contradiction.

o IfIm(p) is a subgroup of the linear group, then it is finite.
Note that two distinct linear representations are not conjugated. For any i € [1,¢],
finiteness of the orbit under (79;) yields that p(8;) is torsion. Similarly, considering
(T2i—1) yields that p(«;) is torsion for all ¢ € [1,g]. For j € [1,n — 1], finiteness of the
orbit under (734_14;) yields that p(vy1...7;) is torsion. Consequently, ~; is torsion for
all j € [1,n —1]. Hence

Im(p) = (p(ew), p(Bi), p(;) | 1 € [1,9], j € [1,n—1])
is an abelian group generated by finitely many torsion elements, whence the conclusion.
O

7.2. Preparation lemmata.

Lemma 7.2.1 (Finding a non-abeliansubgroup). Let g > 0. Let p : Ay, — Aff(C) be a
representation. Assume that for any p’ € f‘;,n - p, the subgroup

(p'(0g), P (By))

of Im(p) is abelian. Then p is an abelian representation, i.e. Im(p) is abelian.
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Proof. We follow the same proof scheme we used for Lemma [ T.Il For any k € [1,¢], to any
p e I'J » - p we may associate the following groups:

R;Q = <pl(Oég), ﬂ(ﬁg), oo 7[)/(0%)7 pl(ﬂk» ) S = <p/(71)7 <o 7p/('7n)> :

e First step: For any p’ € f‘;,n - p, the group Ry is contained in the center of Rj.
For k € [1, g], define the following property.

H(k): | For any p' € f;,n - p, the group R is a subgroup of the center of R}

By assumption, we have H(g). Reasoning by decreasing induction, assume now H (k)
is proven. In particular, Ry := (p(ay),p(By)) is a subgroup of the center of Ry :=
<p(ag)ap(/8g)"p(ak)ap(/ﬁk» ~

Note that p satisfies H (k) if and only if any p € I'y , - p satisfies H (k). Hence in order
to prove H(k — 1), is suffices to prove that R, is also a subgroup of the center of Rj_;.
For p/ =7 - p, with 7 = 7—27g£rk71’ only one of the generators of Ry is modified, namely

p'(ar) = p(B L cawBr) = p(Br—1) " plawBi) -
In particular, we have p'(84) = p(By). Then H(k) implies that p(8,) belongs to the
center of (Ry, R},) = (Rk, p(Br—1)). For p" = 7'+ p, with 7/ = 7 o 75, 5, we have

" (o) = p(Br—10%6-1) " plo ) -
Then H(k) implies that p"(8;) = p(By) belongs to the center of (Ry,R}) =
(R, p(Br—10x—1)). We have now proven that for any representation p such that H (k)
holds, p(fy) is an element of the center of

Rip_1 = (Ry, R}, RY).

This assertion applied to 7_2:]171 - p shows that p(B4ay) is an element of the center of
Ry_1. Hence Ry = (p(By), p(Bgerg)) is a subgroup of the center of Rjy_;.

o

e Second step: For any p' € f’g,n - p, the group R’ := R is abelian.
If R is trivial, then in particular it is abelian. If R’ is non-trivial, then by the first step in
the proof of Lemma [Z.1.1], we can find 7/ € f’;,n such that for the induced representation
p" =1"-pwe have R” = R" and Ry is non-trivial. Hence by the first step of the current
lemma, R’ has a non-trivial center. Yet any subgroup of Aff(C) with non-trivial center
is abelian.

e Third step: For any p’ € f’;,n - p, the group R/g is a subgroup of the center of Im(p').
We have now proven that under our assumption, R’ is abelian for any p’ € f;m -p. In
particular, p(d) = id. Recall, from Remark [6.25] the action of the mixing twist 73g.n—2
on d. It is given by § — [ﬂg_léwgl, 4]0.

Hence, for p' = 7 p with 7 = (J?y_cf 0 T3g4+n—2) !, we have

P'(6) = [p(Bg 7 ), p(By)] = [p(By) ", o) ']
(see Table @l page [24]). Consequently, p(3,) centralizes S := (p(v;) | i € [1,n]). Yet we
could have applied the same argument to p” = 7’ - p, where 7/ = 7'2791_1 is the inverse of
the Dehn-twist 8, — S40y, and we would have obtained that p(84ay) centralizes S. It
follows that R, centralizes S. By fg’n—invariance of the statement, we deduce that for
any p/ € f’;yn - p, the associated group R;, centralizes Im(p') = (R',5").

e Fourth step: Im(p) is abelian.
If p is the trivial representation, there is nothing to prove. Otherwise, by Lemma [Z.T.]
there is a representation p’ € I'y ,, - p in the orbit of p such that R}, = (p'(ay), p'(8y)) is
not the trivial group. On the other hand, we have proven that R’g is a subgroup of the

center of Im(p'). Hence Im(p) = Im(p’) is abelian.
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Lemma 7.2.2 (Prepared form). Let g > 0. Let p : Ag,, — Aff(C) be a representation. Assume

that Im(p) is nonabelian and f’g,n - [p] is finite. Then up to the action of a certain element of
the mapping class group and up to conjugation, p is of the following “prepared form”

Qg pwmnez
By z+1
(16) p|l o | =| whz+a; |,
Bi z 4+ b
i zt¢

forie[l,g—1] and j € [1,n], where p € C*\ {1} is a root of unity, mgy,m; € Z, a;, b;,c; € C
and "9 #£ 1.

Proof. According to Lemma [C.2.1] up to the action of an element of the mapping class group,
we may assume p([ay, 8,]) # id. Since I'y, - [p] is finite, the linear part py, of p also has finite
orbit. After Proposition [[.1.2] py;, takes values in a finite cyclic group (u) C C*. Hence for
each i € [1,¢], we have

plag) = W™z +a;,  p(Bi) =p"z+bi

for integers m;,n; € Z and complex numbers a;,b; € C. Consider the actions of 7,; I and 7'2_@-31
on (mg,n;) (the other exponents are not altered) :

1 0 my;

1 1 T,

a0 e (0 ()

These actions generate the action of SLeZ on (m;,n;) € Z2. If (m;,n;) # (0,0), then m; :=
ged(my, n;) is a well-defined positive integer. Let p; and ¢; be integers such that p;m;+q;n; = m;.

The matrix
<_pi i) € SLoZ

m; m;

then sends (m;,n;) to (m;,0). Hence, up to the action of a word in the twists (72i)ic[1,g];
(T2i-1)ie[1,g], We may assume n; = 0 for each i € [1,g]. The property p([ay,8y]) # id is not
altered by such a word, hence ™ # 1. Up to conjugation by an element of Aff(C), we may
moreover assume

ag \ [ pMez
w (5)-(57)
Note that since p™s # 1, p is the unique representative of the conjugacy class [p| satisfying

(7). For j € [1,n], let ¢j,d; € C be defined by p(v;) = djz+¢;. For k € Z, consider the action
of T;k

Qg wrez + k™o Wz

(18) wreopl By | = 241 ~ | z2+1
P mg
’)/j de + Cj de + Cj — kji(dlm},)fl

Here the equivalence sign stands for being conjugated by an element of Aff(C). For the sequence,
parametrized by k € Z, of normalized triples (I8]) to be finite, we must have d; = 1. O
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7.3. Non-abeliancase in genus one.

Proposition 7.3.1 (Non-abelianrepresentations for g = 1). Assume g = 1. Let p : Ag,, —

AfE(C) be a representation with non-abelianimage (in particular n > 1). Then the orbit Ty, - [p]
is finite if and only if there is a root of unity p # 1 and ¢ := (c1,...,¢,) € C" with Y ;- ¢; =1
such that [p] € Uy - [pu.c), where p, ¢ is the representation given by

1 .
Puclon) = pz; puc(br) =2 — a1 Puc(yi) =z +¢ Vie[l,n].
Proof. Recall that for g = 1, the fundamental group A, has the following presentation
Ag,n = <C¥1,,81,"}/1, -5 In ‘ Y Y = [a1751]> )

and the mapping class group fg,n is generated by the elements of Table[6l Assume [p] has finite

T1 i = B
L) 231 = af
712+k = 7—2_107—24—]9, ke [[1,71—1]] le%1 — alﬁflEk

B = E'BiEk

v o~ Ep Sk, i € [1,K]

where i = (vi-..m) B
i i€ 1l,n—1] Y YV
Yi+l Y
TABLE 6.

orbit, then by Lemma [[.22] we have f’g,n “pl = f’g,n - [pu,c] for a convenient choice of ¢ € C"
and a root of unity p # 1. Let us now prove that [p, | has finite orbit. Denote

N := order(p); D¢ == pZey + ...+ e, .
Denote the following sets of tuples of affine transformations
gl . ke ki,ko € Z, ki & NZ,
wd Pz — gy ged(ky, ko, N) = 1
P M+ ki,ks € Z, ko ¢ NZ,
pod k22 ged(ky, ko, N) =1
z+ ¢ (61,...,én)EGn-(cl,...,cn),
R,u,c,d = G € ,U,Zéi Vi e [[1,77,]],
z+Cn d=371",¢

Moreover, we set S, 4 := S;t,d U Sﬁ,d' Then by definition, we have

aq Pa
b1 ©p 1
Puc il € Ou,c = U ¥1 ( Yo ) S Su,d, € Rmcd
: d : LG
: €Dc : ©n
Tn Pn

Note that O, ¢ is a finite set, and we will prove that each conjugacy class in the orbit of p, ¢
under the action of the mapping class group has a representative in O, .. We shall denote [0, ]
the image of Oc in xg.(AfF(C)).
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o The set [Oy.c] is stable under the inverses of T and To.
In order to prove this first assertion, it is enough to prove that the sets S}L 4 and Sﬁ d

are stable under the action of 7, Land Ty ! modulo conjugation by translations. Let

k1
Q) Bz 1
= €S,
p( 51 ) ( /’LkQZ - Mkld_l > M7d
k1
~1 Qg Kz 1
. = es
T p ( By > < Mk1+k22 _ Mkld—l ) w,d

k1+k k1d
. o B U 1+ke, ﬂlz171
Ty P - ko d .
b phz —

I

Then

and

To see that, up to conjugation by a translation, the latter image also belongs to S, 4,
we need to distinguish two cases. Firstly, if ki + ko € NZ, then ko ¢ N7Z and we obtain

k1+k k14 _d d
pk 2Z_ﬁ%—1 B Z+Mk2—1 N Z+—ﬂk271 52

ko d - k22 _ d ~ ko € H,d
phez — i p T p2z

Secondly, if k1 + ko & NZ, then we obtain

k1+k k1d k1+k
M1+2Z_L%_1 _ #1+2Z 651
ko d ~ M’QZ_# w,d

e pk1tke 1

In a similar way, one can show that up to conjugation by translations, we have 7, ! -527 4 C
Spaand 751+ 92 €S2,

o The set O] is stable under the inverses of o1,...,0n_1.
Indeed, for every p € Oy, the group (p(71),-..,p(7n)) is a translation group. In
particular, it is abelian. Hence the elements o; act as permutations. But permutations
stabilize the set R, ¢ 4.

o The set [O,c] is stable under the inverse of the modified mizing twist Toyy, for every
kell,n—1].
Note that for k € [1,n — 1], up to a common conjugation by p(Zj), the representation
p = 7~'2_+1k - p may be described as follows, where =), = (71 ...7%) 51

p'(a1) = p(Eraa By )

p'(B1) = p(B1)

o' (vi) = p(i) i€ [1,k];
p'(v) = p(EryErY)  JEk+1n]

In the following calculations, i represents an index less or equal to k (if such an index
exists) and j represents an index greater than k.
Assume first that p (aq,61) € Si 4+ Then

ai prz N

51 _ lu’k2z - k:ldil e ko d ~.
p " i p and p(Zg) =p Z—Mkl_l—lzlcz.

ol 2+
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Hence

a pkrz+d— Y5 é pkz
k d k d
p/ 181 _ lu’ QZ_ Mkl—l ~ lu’ QZ_ }Lklfl 7
Yi z+ ¢ z+ ¢
i z + uk2é; 2+ uh2é;
where
k k n
d=pR2d— (-1 =3 a+ > ug,
i=1 i=1 j=k+1

since d = Zle ¢ + zyzk +1Cj- In other words, up to conjugation by a translation, we
have p' € Opc. By an almost identical argumentation, we show that if p € O, ¢ with
plar,Br) € Sﬁ 4> then 772_4_1k - p is also in O, ¢ modulo conjugation.

Since every element of f‘;,n induces a bijection of x4 ,(Aff(C)) and we have proven that [O,, ]
is stable under 7, * for every i € [1,n + 1] and a{l for every j € [1,n — 1], these generators of

f’;,n induce bijections of

Hence [0, c] is also stable under 7; for every ¢ € [1,n 4 1] and o; for every j € [1,n — 1]. We
conclude that the orbit f‘g,n puel = f;,n - [pu,c] is contained in the finite set [0, c]. O

7.4. Non-abeliancase in higher genus. We are now considering the case g > 1, and arbitrary
n > 0. Recall that A, , then contains the group

G = (ag-1,Bg-1,4, Bg) T Agn
and I'y , contains a subgroup

L o
H := (T9g-3,T2g—2, Tog—1,T2g, T3g-1) C L'y,

acting on G as summarized by Table [l Here, as usual, we only indicate the effect of the
generators of H on those generators of G which are not left invariant by the element of H under
consideration.

ok kelg—1,g] | = agBk
k-1 k€g—1,9]| B = Brog
T3g—1 Qy — @_1ag
Qg1 = ag-10
/Bg—l = @7159—16
where © = agﬂglaq*lﬁg_l
TABLE 7.

Lemma 7.4.1 (Elimination criterion). Let g > 2. Let p: Ay, — Aff(C) be a representation of
the following “weak prepared form”

ay wnez
By ] z+1

(19) P Oégfl - ,umgflz +a ’
5971 z+b

where p is a root of unity, a,b € C, my,mgy_1 € Z and p™s # 1. If fg,n - [p] is finite, then the

conditions of Table® are fulfilled. "



S|
Il
O Ox

Proof. Note that if two representations p, p’ of the form (I9) are conjugated, then they their
restrictions to G are equal. Assume

ay unez
By | z2+1

P ag1 | | pz4a
Bg—1 z+b

Now consider the action of 7'2;7]“_ o for k € Z:

ay wnez

T_k - p 59 = z+1
29-2 Qag-1 Ptz +a+ k- pme=1b

5971 z+b

Since the suborbit (TQ_gk_ 5 - [Pk is supposed to take finitely many values, we have .
Now consider the action of Tg;k_ 1- We have

Mg
ag pms 2 + kpms i
_ z4+1 Z
7—39]11 P /89 = le——l Mg+mg_1 ~ Mo_1 u2mg+m9717,um9
Qg1 prIlz 4 — kp™meTme 7! 9*2—|—a—k‘-—umg_1
/89—1 z z

As the corresponding suborbit is supposed to be finite, we have | 9-1 = =™ |.

. ~ | L -1
In order to conclude, consider 7341 = 77" 0 T34_1 0 T, Where 7 := Tyg_3 0 Tog © Tog—1 © T2g- We
have

ag @716@ @k
Qk
x| B B4©
7—39_1* . —> = 5
g1 ag_l(")
ﬁgfl éfk,@g_lag_ll@kag_l@k
where © := T;l@ = a;lﬂg_la;_ll. We have
p((:)k) =z—k-a.
Hence, modulo conjugation by p <€)k>, we have
ag Oég /J/ng
ok y By ~) @kﬁg B z+1—k-a
3g—1 g1 @kag_l H%gz + (1 — ]{?) - a
ﬂg—l ﬂg_la;_ll(:)kag_l z—k- aumg
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Provided 1 — k- a # 0 (which is the case for an infinite number of k € Z anyway), we obtain

ay p'"ez

?3_9111 P % ~ Z1+ : (1-k)-a
Ag—1 T z+ 1-k-a
Ba-1 2 — T

Again by finiteness, we have . (|

Proposition 7.4.2 (Non-abelianrepresentations for g > 1). Assume g > 2 and n > 0. Let

p: Ay — Aff(C) be a representation with non-abelianimage. Then the orbit fg,n - [p] s
infinite.

Proof. Let g > 2 and let p be a representation with finite orbit modulo conjugation. Let
us assume for a contradiction that p(Ag,) is non-abelian. We may then assume that p is of
“prepared form” as in Lemma In particular, we may assume that p is of “weak prepared
form” and hence, by Lemma [Z.4T] p satisfies the conditions of Table 8 In other words, we may
assume that p is of the following form.

Qy wz
By z+1
Oégfl ﬁ
/Bgfl z
where p # 1 is a root of unity. We have
Qg Kz + Qg Hz
1 ﬁg _ z+1 ) 1 5g _ z+1
T3g—1"P ag1 |~ %z 1 | T2g (7'3971 p) ag1 |~ %z 1
/Bg—l z Bg—l z
Now 194 © 7-3_91_1 - p is also of weak prepared form, but is not compatible with the elimination
criterion of Table [§, whence the contradiction. O

8. REDUCIBLE RANK 2 REPRESENTATIONS WITH FINITE ORBIT

Theorem [Bl concerns representations p : Ay, — GL2C that are reducible, i.e. that globally
fix a line in C2. A particular case of reducible rank 2 representations are those that are totally
reducible, i.e. that globally fix two distinct lines in C2?. In [Theorem BIl, we will prove the
statement in the totally reducible case, and in [Theorem B2, we will prove it in the reducible
but not totally reducible case. The juxtaposition of these two results yields Theorem [Bl First,
we are going to estimate the size of finite orbits of conjugacy classes of affine representation
under the pure mapping class group and prove the reduction to the affine case.

8.1. The size of some finite orbits. Note that since C* is abelian, we have a natural identi-
fication between scalar representations and their conjugacy classes: x4,(C*) = Hom(Ag,,, C*).
In particular, the pure mapping class group I'y ,, acts on Hom(Ag,, C*).

Proposition 8.1.1. Let g > 0,n > 0. Let A\ € Hom(A,,,C*) be a scalar representation with
finite tmage. Then

(20) card(Tm(\))% ! < card(Ty,, - A) < card(Im()\))%

Proof. Since Im()) is finite, there is a root of unity x4 € C* such that Im()\) = p”. For each
J € [1,n], choose an integer m; € Z such that A(v;) = p™. Denote N := order(x) and
k:=(kg,....,.k1)€Z9, L:=(ly,....01)€ZI }

gcd(kg,...,krl,fg,...,fl,ml,...,mn,N =1
34
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Note that to any element (ps, s, ... u¥1 uf1) € Oy we can associate a well-defined representa-
tion X' € Hom(A,,,, C*) by setting N (o) = p*i; N(8;) = pb for all i € [1,g] and N (v;) = ™
for all j € [1,n]. In that sense, we can see Oy as a subset of Hom(Ag,,, C*).

We claim that 'y ,-A = Oy. Notice that this claim implies (20). Indeed, the second inequality
is obvious, and the first one follows from the fact that if we set for example k£, = 1, then we can
choose all other exponents freely.

Let us now prove the claim. We clearly have A\ € O,. Each pure element 7 of f;,n transforms
the generators 7; into conjugates ¢; 1~:¢. Since C* is abelian, this implies that for any represen-
tation A corresponding to an element of Oy, we have (7-\)(v;) = N (y;) = ™. Consequently,
Iy n-Ox = Oy and in particular I'y ,, - A C O,

The orbits of f‘g,n on Xg4,n(C*) = Hom(Ay ,,, C*) are the ones of f’;,n. Note that the subgroup
H:=(r;]i€[l1,3¢g — 14+ min(0,n — 1)]) C f;,n is generated by pure elements. Translating
Table 2] into an action of f;,n on the powers of u corresponding to the generators of A, then
yields the following.

(a) For a given (/Z:g,...,/%l) € {1,...,N}9 such that gcd(l;:g,...,/;:1,m1,...,mn,N) = 1, the
subgroup (79;, T2;—1 | @ € [1,9]) C H acts transitively on those elements of O, satisfying
ged(ks, £;) = k; for all i € [1,g] (see also the proof of Lemma [7.2.2).

(b) For all k= (/;?g,...,iﬁ) € {1,...,N}9 such that gcd(l;:g,...,l%l,ml,...,mn,N) = 1, there
is an element of the subgroup (72;, T2i—1, Tog+# | © € [1,9], ¢ € [1,9 —1]) C H, which
sends the element of O given by k = (gcd(kg,...,k1),0,...,0) and £ = 0 to the element of
O, given by k = k and ¢ = 0.

(c) The subgroup (m3g—14; | j € [1,min(0,n — 1)]) C H acts transitively on those elements of
O, satisfying £ = 0 and k; = 0 for all i € [1,g — 1].

Consequently, the pure subgroup H acts transitively on Oy. This implies I'g,, - A = O,. U

Recall that we denote

(21) AFfE(C) = {(g l{)

Proposition 8.1.2. Let ¢ = 1 and let n > 0. Let p € C* be a root of unity of order
N > 1 and let ¢ = (c1,...,¢,) € C" with Y1y ¢; = 1. Consider the representation p,c €
Hom(Ag ., Aff(C)) defined by

mete)= (5 )+ mcr = () TT) put = (5 9) el

Recall from Proposition[7.3.1 that the orbit I'y - [pu.c] is finite in xgn(Aff(C)). The size of this
orbit can be estimated as follows:

(22) S(N)(2N — ¢(N)) - N ! < card(Tyn - [ppc]) < (N> = 1)N"1,

where n' := card{i € [1,n] | ¢; # 0} and ¢ denotes the Euler totient function.

a,b e C, a#O}.

Remark 8.1.3. Observe that the estimate ([22]) yields an equality if N is a prime number.

Proof. For convenience we shall represent the elements of Aff(C) by degree one polynomials
az + b, as in page Denote

D, = ,chl +... .+ ,chn; Spd = Si,d U Sid; Rycad; Ouc
as in the proof of Proposition [(.3.J1 Moreover, denote

z+a = e L. :

ure Gi € p=c Vi € [1,n]
ﬂ,C,d T : _ n ~
2+ ép, d= Zi:1 Ci
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We shall denote by [O,.c] and [Of¢] the respective images of O, ¢ and O}.c“ in x4, (Aff(C)).
By a slight refinement of the proof of Proposition [[.31], we have

(23) Lo [pucl € 105"

Indeed, recall that the pure subgroup I'y,, of f‘g,n is the subgroup that respects the labellings
of the punctures. Each pure element 7 of I'y , transforms the generators 7; into conjugates

¢ 1iGi. As we have p(G;) = p™z + d for suitable m € Z, d € C, we deduce (7 - p)(v;) = u"¢;.
This proves the inclusion (23)).
Moreover, using Table [6] page B0, we can check successively:

(a) as observed in the proof of Lemma [[. 2.2 any element p = [, %2, 2 4 ¢1,... 2+ &) of [Oy.c]
can be transformed into an element p' = [z+d/(u— 1), uz, 2+ ¢é1,. .., 2+ ¢,) by an element
of (11, 72), where d = 3" | &;

(b) for any j € [1,n], by the action of an element of B, = (o; | i € [1,n — 1]), the element p’

can be transformed into [z + d/(u — 1), puz,2 + ¢, ..., 2 + ¢} ], where ¢} = ¢;, ¢; = ¢ and

¢, =¢ for i #1,7;
(c) for any m; € Z, using a power of 73, we transform this latter element into [z+d’/(p — 1), pz,
z4+p"idy, ...,z +d,], where d =d+ (p"™ — 1)¢;.
(d) reusing an element of B, one gets p’ altered only by replacing &; by p™i¢é; and d by d'.
This allows to infer that any element p = [*1,*2,2 + ¢1,...2 + &,] of [Oc] can be transformed
into [z +1/(p—1),nz,24+c1,...,2+ ¢,] by a suitable element of I'y ,,. Reusing (@), we deduce
Iyn - [puc) = [Ope). The conjunction of this equality and the inclusion (23) yields

Lyn - lpue] = 07"

Denote by [S,, 4+ and [Ofc ]+ the set of equivalence classes of S, 4 and Oj;.c © respectively modulo
conjugation by translations. For each d € D, the cardinality of [S, 4] equals the cardinality of

Ky = {(k1,k2) € [1,N]? | ged(ky, ko, N) =1} .

Indeed, for {7, j} = {1,2}, the elements of thd that are not conjugated by a translation to an

element of Si 4 are precisely those corresponding to k; = 0 and ged(k;, V) = 1. We can estimate

(N)(2N — ¢(N)) < card([Sya)t) < N* —1.
These inequalities are readily derived from the inclusions

{(k1,ks) € [1,N]? | ged(k1,N) = 1 or ged(ke, N) =1} € Ky C [1,N]*\ {(0,0)}.

On the other hand, conjugations by translations act trivially on RT; 3. By definition of n’,
we have
pure _ !
card U Rmcvd =N".
deDe
We deduce

S(N)(2N — ¢(N))N™ < card[OP4°], < (N* — 1)N™ .

The condition Y " ;¢; = 1 ensures n’ > 0. In particular, there is an index ig € [1,n] such

that ¢;, # 0. Up to conjugation by powers of the linear transformation pz, we can normalize

Gio = ¢, for each element in [0} ]y, which yields card[O}¢ ] = % card[Oh¢ ], . O
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8.2. Reduction to the affine case. Consider the natural inclusion
L:(C*)Z%GLQC; (al,a2)|—> (a1 0) .

0 a2

Lemma 8.2.1. Let g > 0,n > 0. Let p € Hom(A ,, GL2C) be a totally reducible representation.
Then there are scalar representations A1, A2 € Hom(Agy,,C*) such that [p] = [ti(A1,A2)] €
Xg,n(GL2C). Moreover, we have

(24) %max{card(f‘g,n “Ni) | ie{1,2}} <card(T'y - [p]) < card(Ty, - A1) - card(Ty p, - A2) .
In particular, the following are equivalent:

o I'y - [p] is a finite subset of xgn(GL2C).

o I'y - A is a finite subset of Hom(Ay ,, C*) fori=1,2.
Proof. The image of the map ¢, from Hom(A, ,, (C*)?) to x4.n(GL2C) is obviously the set of
conjugacy classes of totally reducible representations.

Note that by definition, the action of 'y, on t.Hom(A, ,, (C*)?), induced by the action on
Hom(Ay ,,, (C*)?), coincides with the action of I'y,, on x4, (GL2C). Moreover, we have

(25) % ~card(T'g n - (A1, A2)) < card(Lg, - [te(A1, A2)]) < card(Tg - (A1, A2)).

Indeed, the second inequality is obvious, and the first one follows from the fact that if [t. (A1, A2)] =
[t (N}, AL)] then either (A1, A2) = (A}, N)) or (A1, A2) = (N, \)).
On the other hand, we have
(26) max{card(I'yn-A;) | 7 € {1,2}} <card(Ig, - (A1, A2)) < card(Dy - A1) - card(T'g - A2) .
We conclude by noticing that (25]) and (26) imply (24). O
Remark 8.2.2. The equality [p] = [tx(A1,A2)] € Xg,n(GL2C) in the above Lemma is commonly

written as p = A\ & Ay. We adopted this notation in the statement of Theorem [Bl and we will
use it in its proof.

Consider the natural inclusion

w: AR(C) = {(8 i’)

Lemma 8.2.3. Let g > 0,n > 0 and let p € Hom(Ag,,, GL2C) be a reducible but not totally
reducible representation. Then there is a unique A € Hom(Ay,,C*) and a unique conjugacy
class [pag] € Xg.n(Aff(C)) such that [p] = [A @ wwpag] € Xgn(GL2C). Moreover, we have

(27) max{card(I'yn-A),card(Ly - [pag])} < card(T'yn - [p]) < card(Ly,-A)-card(Tg. - [pag]) -

In particular, the following are equivalent.
o I'yp-[pl is a finite subset of Xgn(GL2C).

o I'y -\ is a finite subset of Hom(Ag ,, C*) and T'y .- [pas] is a finite subset of x4n(Aff(C)).

a,beC, a#O}% GL,C.

Proof. The unique decomposition statement has been proven in Lemma [5.1.1]in Part A of the
present paper. This Lemma also yields (27]). O

8.3. Proof of Theorem [Bl

Theorem B1. Let g > 0,n > 0. Let p € Hom(Ay ,, GLoC) be totally reducible, i.e. p = A1 @ Ao
1s a direct sum of scalar representations. The following are equivalent:

o the orbit T'y,, - [p] in xgn(GL2C) is finite.
e the subgroup Im(p) of GLoC has finite order.

Moreover, if the orbit 'y, - [p] is finite, then its size can be estimated as follows:

(28) %max{card(lm()\i))zgfl | i€ {1,2}} < card(Ty,, - [p]) < card(Im(p)) .
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Proof. From Lemma R2.T] finiteness of the orbit I'y ,, - [p] in x¢,n(GL2C) is tantamount to the

finiteness of the orbits I'y , - A; C Hom(Ag,,,C*) for i = 1,2. Since [I'y,, : I'y ] = n! is finite,
finiteness of I'y ,, - A; is equivalent to the finiteness of I'y ;, - A;. Proposition [[.T.2] establishes that

Iy, - A; is finite if and only if Im();) is finite. This proves the equivalence in the statement.
The left inequality in (28] follows from Lemma [8.2.1] and Proposition [§.1.1]
Each pure element 7 of f‘;,n transforms the generators v; into conjugates. By abelianity, for
p'=7-pandany i€ [1,n], we get p'(7i) = p(y:). We deduce the right inequality in 28). O

Theorem B2. Let g > 0,n > 0 and let p € Hom(Ay,,, GL2C) be a reducible but not totally
reducible representation. The following are equivalent:

e the orbit Ty, - [p] in xg,n(GL2C) is finite.

e g=1,n>0, there are a scalar representation A\ € Hom(Ag,,C*) and an affine repre-
sentation p,c € Hom(Agn, Aff(C)) as in Proposition [S1.2, such that

[p] € Fg,n : [)‘ ® pu,c] .

Moreover, if the orbit 'y, - [p] is finite, then its size can be estimated as follows:
(29)  max {N2 L (N (2N — ¢(N))N"’*1} < card(Ty, - [p]) < (N2 — 1)N""IN2,

where n' := card{i € [1,n] | p(vi) € C*Ix}, N := order(u), No = card(Im(\)) and ¢ is the
Euler totient function.

Proof. From Lemma B.2.3] we know that [p] admits a unique decomposition [p] = [A ® pag],
where A is a scalar representation and pag is an affine representation. Moreover, since p is not
totally reducible, the affine representation pag has non-abelianimage. Still by Lemma B2.3]
the orbit I'y, - [p] C xg,n(GL2C) is finite if and only if the orbits I'y , - A C Hom(Ay ,, C*) and
Ly lpas] C xgn(Aff(C)) are finite. From Proposition [[.T.2] the orbit I'y , - A C Hom(Ay ,,, C*)

~

is finite if and only if A has finite image. Since [I'y,, : I'y,] = n! is finite, finiteness of the orbit
Tyn-[pas] C Xgm(AfF(CT)) is equivalent to the finiteness of the orbit Ty, - [pag] C Xg.n(AfF(C)).
Since pag has non-abelianimage, by the Propositions and [Z.3.1], the finiteness of the latter
orbit is equivalent to g = 1, n > 0 and [pag] € Ty - [pue] for a convenient choice of a non-
trivial root of unity p and ¢’ = (¢},...,¢,) € C" with )" ; ¢, = 1. Composing with a suitable
element of B, shows this is also equivalent to [pag] € Iy, - [pu,c], for some ¢ € &,, - ¢’. This
proves the equivalence in the statement.

The estimate (29)) follows from Lemma [R:22.3] Proposition [RI.1] and Proposition 1.2} taken

into account that

card{i € [1,n] | p(y;) &€ C*'Is} = card{i € [1,n] | pag(vi) # id} = card{i € [1,n] | ¢; # 0}.
O
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